The Newton polytope of the Kronecker product

Greta Panova and Chenchen Zhao

Department of Mathematics, University of Southern California, Los Angeles, CA 90089

Saturated Newton polytope

A multivariate polynomial with nonnegative coefficients f(xi,...,zx) = >, cox®
has a saturated Newton polytope (SNP) if the set of points My (f) := {(aq, -+, ap) :
co > 0} coincides with its convex hull in Z*.

The Kronecker product

The Kronecker coefficients of \S,,, denoted by g(, u, v), give the multiplicities of one
irreducible Specht module in the tensor product of the other two, namely

S\®S, = @M_RS?QO\,M,W.

The Kronecker product * of symmetric functions is defined on the Schur basis as
SA* Sy = Zg()\a M V>SV7

and extended by linearity. It is equivalent to the inner product of S,, characters
under the characteristic map.

SNP for the Kronecker product

Monomial expansion via multi-LR coefficients

The multi-LR coefficients can be defined recursively as
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Coefficient of x? in sy * s, where a := (ay, as, . . .):
3®) * s haly) = 3 s,

a'ta;i=1,...

P(u;a) = {(a}, 0% - ,a*) e 22"

Then, the set of monomial degrees a = (aq, ...,

ar) appearing in sy * s, Is given as

My(sy* s,) ={a € Z%,: P(\;a)N P(u;a) # 0}.

Horn inequalities for multi-LR's

The polytope for i = 3

Conjecture 1 (Monical-Tokcan-Yong, 2019, |3])
The Kronecker product sy * s, has a saturated Newton polytope.

We prove this conjecture for partitions of lengths 2 and 3:

Theorem 1 (Panova-Zhao, 2023, [4])
Let A\, B nowith (X)) < 2,0(p) < 3,and up > A then sy * s,(x1, ..., 25) has a
saturated Newton polytope for every k.

Proof idea: The Kronecker product in these cases contains a term s, with v dom-
inating all other partitions appearing. Thus the Newton polytope consists of all
integer points (aq, ..., ay), such that sort(ay, ..., a;) < v in the dominance order.

Example
However, we cannot expect to have unigue maximal terms in general:
S(6,6) * S(82,1,1) = S(4,4,21,1) T S4431) T S531,1,1,1) T 55,32,1,1) T 55322 T 55,331 T

28(5411.1) T 35(5421) T S(543) +S5511) T 25552 + S6221.1) +25631,1,1) +35632,1) T
5(6,33) T 48(6,41.1) 28642 +256,51)FS(7,2,1,11) T S(7,221)F28(731,1) T 25732 F25741)F

S(7,5) T 5(82,1,1) T 5(83,1)-
In this product, (7,5) and (8, 3, 1) are incomparable maximal.

The first case when there is no such dominant partition is covered in the following.

Theorem 2 (Two and three-row partitions, [4])

Let A\, u E nowith £(A) < 2 and {(u) < 3. Then sy * s,(x1, T2, x3) has a saturated
Newton polytope.

The limit case

Theorem 3 (van Leeuwen, [5])
Let A\, i, v be partitions such that \)\|

u o v denotes the skew shape (V1 + p,v)/v.

ul 4+ |v]. Then ¢!, = (sy, 5,0), Where
™ p

Forasubset I = {11 < iy < --- < is} C |r], let p(I) denote the partition p(I) =
(1 — Sy ... 09 — 2,17 — 1). A triple of subsets I, J, K C |r| is LR-consistent if they

Al p(l) _
have the same cardinality s and ColT) () = 1.

Theorem 4 (Zelevinsky, Klyachko, Knutson-Tao, (6, 1, 2])

Let A\, u, v € N” with weakly decreasing component. Then c , > 01if and only
A = [u] +[v[and D oicp Ai < D 2ics ity + D pex v for al LR consistent triples
I,J, K C|rl

Corollary 4.1
Let l(p) = ¢ and a = (aq, ..., a). Then
P(p; @) = {(0417 *) €23y -
Za = a, fore € |kl;
of > oy, forj € [€ 1] i € |k,
Z (n(k—i)%—ozé-) < Z,LLJJr Z
(i,5)eD(I) jed (d,r)eD(K

where the last inequalities hold for all LR-consistent triples I, J, K c [Ck].
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Analyzing Q(\, 11, ¢), [4]

= Suppose that Q(\, u,a") # () for some vectorsa’, i =1,...,4and c =) . t;a"
forsomet; € [0,1) with t; +to +t5+t4 = 1. Then Q(\, pu, c) # 0.

= [4, Theorem 2] If Q(A, u,a) # 0 then it has an integer point, i.e.
QA @) NZ° # 0.

Figure 1. Q(\, w;a) where A = (7,6,5), u = (13,5) and a = (9,6, 3).

Kronecker positivity implications

Theorem 3 (The limit case, [4])
Let A\, u be partitions of the same size and k € N. Then the set of points

U — M (Spx * Spy)

p= 1
is a convex subset of QF.

Conjecture 1 holds in the "limit”.
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It g(\, p,v) > 0, then s, appears in sy * s,, and so its leading monomial m,, also
appears, so Q(\, u, v) NZ" +£ ().

We define mLR-consistent triple (I, J, K) of subsets of |1,...,£0k| to be the LR-
consistant triples, such that [IN[(j — 1)+ 1,...,¢]| = |[KN[l(j —1),...,45]| for
every 3 =1,...,k.

Theorem 5 (Kronecker positivity criterion, [4])

Suppose that g(A, u,v) > 0and let £ = min{4(n), £(v)} Then there exist nonneg-
ative integers { ! }iejr, jejq Satisfying

E i __
J

1 (
O‘ 2 ()é]—l—l?

Z Q; <m1n{z,u],ZVJ}

(i,5)€D(I jedJ jedJ

fori € |k;

forj e[l —1], i€ [k];
for every mLR-consistent (1, J, K).

Corollary 5.1

Suppose that g(A, p, v) > 0and £(u) = 2, k = £(\). Then there exist nonnegative
integers y; € [0, | \;/2]] for i € k], such that

Do+ yi— )y <min{> p; > v}
1€ AUC 1€B e’ 1€J J€J

for all triples of mutually disjoint sets AU BUC C |[kland J ={1,...,r,r+2,...
J=A{1,...,r+b—1,r+2b}, where r = 2|A| + |C| and b = | B|.

,r+b+1} or
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