Quasisymmetric expansion of Hall-Littlewood symmetric functions
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Relating Hall-Littlewood and ¢-fundamentals

Young tableaux and permutation statistics

Let [n] = {1,...,n}, P ={1,2,3,...} and P* = —P U PP be the totally ordered set
—1 <1< —-2<2<.... The sets of semistandard, marked and standard Young
tableaux of shape \/pu are denoted SSYT(A\ /), SYT=(\/p) and SYT(\/ ).
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The descent set of a standard Young tableau 7" is Des(7T) = {1 <i<n—1|4isina
strictly higher row than ¢+ 1}; its peak set is Peak(7T) = {2 < i <n—1 | i € Des(T)
and i — 1 ¢ Des(7T')}. For marked tableaux, neg(T’) is the number of negative entries.

\Denote the descent set and peak set of a permutation 7 by Des(7) and Peak ().

Hall-Littlewood S-symmetric functions

Let X = {x1,x2,x3,...} and A the ring of symmetric functions. Fix a parametert € C
and define ¢, (X;t) € Aby qo(X;t) = 1, Gnegative (X ;t) = 0 and

(1 —1) Zx H xz_%j
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gn(X;t) = for all n > 0.

The (¢n(X;t)), generate a subalgebra A of A which is proper when ¢ is a root of unity.

Def (Hall-Littlewood S-sym. functions). S, (X;t) := det (gx,—p,;—i4+5(X;1t)).
As such, S/, (X;0) = sx/,(X) and S/, (X

i,j°
; —1) is a variant of Schur’s Q-function.

Def (6; homomorphism). Define the C-algebra morphism 6; : A — A; by
0t (hn)(X) = qn(X;t). As aconsequence, 0 (sx/,)(X) = Sx/.(X;1).

g

P-partitions and g-deformed generating functions

A labelled weighted poset is a triple P = (|n], <p, €) where ([n], <p) is a labelled
poset and € : [n] — P is a map (the weight function).

H)=1—4, €4) =2

The set Lp+ (P) of enriched P-partitions is the set of maps f : [n] — P that satisfy:
(i) Ifi <p jandi < j,then f(i) < f(j) or f(i) = f(j) € P.
(i) Ifi <p jand¢ > j,then f(i) < f(j) or f(i) = f(j) € —P.

Let X = {x1,x2,23,...} and ¢ € C (complex numbers). The g-generating function
for enriched P-partitions on the weighted poset P = (|n]|, <p,€) is

Z H q[f( 1)<0]
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\This definition covers the cases of Gessel (¢ = 0) and Stembridge (¢ = 1).

Deformed fundamental quasisymmetric functions

Given a permutation w7 = 7 ... 7, in the symmetric group &,, on [n|, we let P, =
([n], <x,1™) be the labelled weighted poset on the set [n|, where the order relation <
1s such that m; <, m; if and only 1t 2 < 7, and where all the weights are equal to 1.
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Def (g-Fundamental quasisymmetric functions). Let 7w be a permutation in &,, and
g € C. Define the q-fundamental quasisymmetric function indexed by 7 as

L7(Tq> _ F(Q)([n], <xy1™) = Z ql{jEDeS(W)IijZin}l(q 4 1)|{i1 ----- in}|mi1 X

11 < Sin
j€EPeak(m)=-i,_

LY depends only on Des(7) and may be indexed as (Lf»bq,)z)fg[n—u,nzo- L\
interpolates between fundamental (¢ = 0) and peak (¢ = 1) quasisymmetric functions.

Prop. (Lff)l)n>0 ICn—1] IS a basis of QSym if and only if ¢ € C is not a root of unity
and (Ln I)n>0 IC,[n—1] IS a basis of a proper subalgebra 'P* when —q is a primitive

\(p+1 )-th root of unity.

The g-generating functions over skew diagrams

Letn € P and A and p be two partitions such that A/ is a skew shape and |\ | —|u| = n.
Label the skew Young diagram of shape \/u with the successive integers of |n| from left
to right and bottom to top. Define the partial order <, ,,, on [n] as¢ </, j if and only
if 4 lies northwest of j and denote the labelled poset P/, = ([n], <x/u)-
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Consequently, the enriched P,/ -partitions are precisely the marked semistandard
Young tableaux of shape A/, i.e. Lpx (Py/,) = SSYT=(\/p).

Thm. Let n € P and \/u such that || — |u| = n. The q-deformed generating
function of Py, is exactly the Hall-Littlewood S-symmetric function with parameter

t = —q.

Sx/u(X5—q) =T ([n], <x /).
Proof (sketch). Let (i Rj) <= (i<jbutnoti=j € —P). Let XT =
{x_1,x1,2_2,22,...} and
+ :|:
Z 5137,1' * Li, I’ ([ ] <P X Z H T f(4)-

fe[’IP’i< l,<p)1<i<n

Use [2] to show that T=([n], <x,,) = det (Hax, _MJ_ZJFJ)Z ek] and prove that the

homomorphism w(x;) = q[i<0]a:|7;| for z; € X7T is such that w(H,(XT)) =

qn(X; —q).

Thm. Let \/u be a skew shape. The Hall-Littlewood S-symmetric function with
parameter t = —q is related to q-fundamental quasisymmetric functions through
: _ (q)
SwXi—a) = Y Ll (X).
TESYT(\/ )

Proof (sketch). Show that Sy,,(X;—q) = ZTESSYTi(A/,u) ¢"°&T) X T and group
the summands according to the standardisation of their marked tableau.

Thm. There is a ring homomorphism O,: QSym — PD sych that for any
positive integer n and any subset [ C [n — 1], ©, (LS))I) — sz)I. The restriction

of O, to A is 0_, and the following ring map diagram is commutative:

©

QSym —~— P
0_

A — A,

Cauchy-like formula for Hall-Littlewood functions

Denote Y = {y1,42, ..., } and XY = {z;y;}s ;. Let w be a permutation. Extend I"(?
to the alphabet XY by considering P -partitions (f, g) : ¢ — (f(2), g(2)) with value in
P x P*. Say that a pair (i,7) € P x P¥ is negative if and only if j is negative.

Z H q[g(i)<0]

(f,9)€Lp pt ([n],<x) 1<i<n

I (Pr)(XY) = T f(1)Y)g(i)]-

The g-fundamental indexed by 7 on the product of indeterminate XY satisfies

» LY(X

OO0OT =TT

LO(XY) = T@(P)(XY) = VL (V).

Prop. Our results directly imply the following Cauchy-like formula (see [4])

= sx(X)Sa (Y1)

AFn

gn (XY 1)
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