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Abstract
The product of a Schur polynomial and Demazure atom or character expands
positively in Demazure atoms or characters, respectively. The structure coef-
ficients in these expansions have known combinatorial rules in terms of skyline
tableaux [3]. We develop alternative rules using the theory of integrable ver-
tex models, inspired by a technique introduced by Zinn-Justin [4]. We apply
this method to coloured vertex models for atoms and characters obtained
from Borodin and Wheeler’s [1] models for non-symmetric Macdonald poly-
nomials. The structure cofficients are then obtained as partition functions
of vertex models that are compatible with both Schur (uncoloured) and De-
mazure (coloured) vertex models.

Demazure atoms and characters

• Demazure atoms (standard bases) refine characters, quasi-symmetric
Schur polynomials and Schur polynomials

• Demazure characters (key polynomials) are characters of Demazure
modules

• Both families are bases of Z[x1, . . . , xn]

Notation

• λ – integer partition: e.g. (5, 5, 4, 2, 1, 0, 0)
• α – weak composition: e.g. (0, 1, 4, 0, 5, 5, 2)
• Throughout, λ and α have length n and x = (x1, . . . , xn)
• sλ(x) – Schur polynomial
• Aα(x) – Demazure atom
• Kα(x) – Demazure character

Structure coefficients
The products of a Schur polynomial with a Demazure polynomial have posi-
tive expansions:

sλ(x)Aα(x) =
∑

β

c
β
λ,αAβ(x)

sλ(x)Kα(x) =
∑

β

d
β
λ,αKβ(x),

where the structure coefficients c
β
λ,α and d

β
λ,α are non-negative integers.

Haglund, Luoto, Mason, and van Willigenburg [3] found a combinatorial rule
to compute these coefficients in terms of “skyline tableaux.”
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Vertex models for polynomials

1 Re-encode λ and α with strings
λ = (3, 3, 1, 0, 0)
α = (0, 3, 0, 1, 3)
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2 Define tiles (0 < i < j)
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3 Sum over weighted fillings of lattices to compute polynomials
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• Aα(x) model excludes (a) tiles and Kα(x) model excludes (b) tiles
• The integer c in xc is the column number the tile occurs in
• The models for sλ(x) are the same as in Zinn-Justin’s paper [4]
• The models for Aα(x) and Kα(x) are modifications of Borodin and Wheeler’s

non-symmetric Macdonald polynomial models (setting q = t = 0) [1]
• Brubaker, Buciumas, Bump and Gustafsson [2] also have a similar model for Aα(x)

Model examples

λ = (2, 2, 1)
α = (2, 0, 2, 0)
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• Aα(x) = x2
1x2x3 + x2

1x
2
3

1 2 3 4
4

2

3
1

αA

1 2 3 4
4

2

3
1

x2
1x2x3 x2

1x
2
3

+

• Kα(x) = x2
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Theorem (M. 2024+)

1 Define diamond tiles (0 < i < j < k)
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2 Also prohibit certain adjacencies
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3 The structure coefficients are computed by counting fillings (exclude
adjacencies (a) in c

β
λ,α model and exclude (b) from d

β
λ,α model)
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where m ≥ max(β).

Diamond examples

• Let λ = (3, 1, 0, 0), α = (1, 3, 1, 0) and β = (1, 4, 3, 1). There are two
fillings of the first model, so c

β
λ,α = 2
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• There are no fillings of the second model, showing d
β
λ,α = 0
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Proof of Theorem (Schur × atom)

New tiles

Invent new tiles (dotted lines may be red or white)
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Column Lemma

Can equate columns with same boundary if r, u ∈ { , }
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Example: both fillings have weight xc

2+

3+5+

1

1

2

4 4
3

5

+

=

2+

3+5+

1

1

2

4 4
3

5

+

Proof: Repeatedly apply column lemma to get third equality
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