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Some Important Notation

[1(N) := (half-open) fundamental paralellepiped of a matrix N

r+ k|
r

1o(p) = 1 tpelT,
TP/ = 0 otherwise.

> = size r subsets of {1,...,r + k}

S_ T..T " and T are defined below.

Construction

. Fix positive integers r and k as well as an (r + k) x (r + k) matrix
M. We will be “fragmenting” the parallelepiped TI(M).

. Define M’ to be M with the last k& rows negated.

. Foreach o € ([”k]), define the fragment S, to be the matrix

obtained from M’ by the following procedure:

= For each column 7z € o, replace the bottom k entries with 0.

= For each column ¢ € o, replace the top r entries with 0.

. Foreacho € ([W“]), et

T, = Ll [1(S,) + Mz.
ZEZT—Fk
In other words, 7, consists of all translations of the fundamental
parallelepiped of S,(M) by the lattice generated by M.

. Define the sets
T = u T, and T = u T..

oe(H) det(S,)>0 oe(H), det(S,)<0

T r

We call T the set of positive tiles and T~ the set of negative tiles.

Example 1

letr =k =1 and

19 (1 27
M—_15_.Then, M—__1_5_.

There are 2 fragments:

1 0] 0 2]
5{1}2 0 5 and S{Q}:

Note that det(S{l}) < 0 < det(S{Q}).
Thus, T+ =T and T~ = Tiy.

On the left are the tiles in Ty, with
[1(.S¢13) inbold. Each pointis covered
1 or 2 times. On the right are the
tiles in Tgoy with II(Sy9y) in bold. Each
point is covered O or 1 times.

In the language of our main theorem,
for each point p € R?, we have

or
fp)=0—1=-1

Furthermore,

(—1)"sgn(det(M)) = —1.

Example 2

letr =k =2 and

'3 2 -4 1 '3 2 -4 1
1 0 2 2 , 1 0 2 2
M_20—11‘ M_-201—1
0 1 -2 3 0 -1 2 -3

There are 6 fragments. Here are 2 examples:

3200 0240
1 0 0 0 00 2 0
P00 = g g1 o] PR T |00 0
00 2 -3 00 0 -3

One can show that det(S,) > 0 when
o # 13,4} and det(Sg34) < 0. This means
that:

T =Tuy U Tz UTaay U Tesy UTpgy
and T = 723’4}.

Above is a 2-dimensional slice of 7. Each
point in R* is covered by 1, 2, or 3 posi-
tive tiles indicated by the shading. Can you
deduce from our main theorem what a 2-
dimensional slice of T3 4y looOks like?

FPSAC: Formal Power Series and Algebraic Combinatorics

Our Main Theorem

For any matrix M, the function f(p) : R™™* — Z, defined by

fe)=1 >, Irp)| = D> 1zp) |,

TeTHM) TeT (M)
is constant with value (—1)*sgn(det(M)).

Sketch of Proof Ideas

First, we use the Multi-Row Laplace Expansion Formula to find
that (—1)¥sgn(det(M)) is the average value of f. Thus, we “just”
need to show f is constant.

To show that f is constant, we imagine a particle moving in a
generic direction. We must prove that whenever the particle
enters a positive tile or exits a negative tile, it also exits a positive
tile or enters a negative tile.

To prove this, we find a natural way to group collections of
facets of tiles such that the property from the previous para-
ograph holds for each group. This proof uses a variety of lin-
ear algebra techniques (including two versions of Cramer’s Rule),
but the main challenge was developing useful notation to keep
track of everything.

Corollary [2]

It M is invertible, and det(S,(M)) is nonnegative for all o €
([Tjk}) (or nonpositive for all o € ([Hk])), then

r

Rr+k _ u 7.
oe(IH)
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