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Affine building for Lead question Ehrhart theory 101

SLn(Qp)

n — T-dimensional simplicial complex
on homothety classes of lattices [A]
in Q). Example for SL,(Q2): the

Bruhat-Tits-tree

No = Z" - standard lattice in R"
P - tull-dim. lattice polytope in R"

Ehrhart polynomial of P relative to
/\() = /"

Lead ideas ENT):=Y 0 ,cMP)T" € Q[T]

Raison d'étre: E5(m) = #mP N Z"

.Interpret Ehrhart coeffients as labels on vertices of affine buildings ials:
t Ehrhart polynomtals:

n\* P

A) Constant term cy(P) =1

.Use Hecke series to enumerate Ehrhart coefficients B) Leading term c)(P) = vol(P)

pPs 5\32”(pr A (P) =~ sum of volumes of faces of P.
o1 c O - mystery?!?

5\ building> for

\ C g\’OL\

Other coefficients co(P)

Ehrhart-Hecke zeta Example - n =2, ¢ =1 Symplectic Hecke

fu nCti-()nS Of tlJpe A theOI‘LJ (the small print)
Consider the linear terms c?(P;) of the Ehrhart polynomials E@(t) =14 ) (P)t+ t*

5 5 . ) . p) . . .
of two polytopes Py and P, as a function of the overlattices A 2 Zj ot finite index. ¢ G, = GSp,,(Q,)

Definition (AMYV)
=G D Mat,,(Z,
Type-A Ehrhart-Hecke zeta o Gy = G5p,,(Qp) N Matan(Z)
(0, 1) (2,1) of , =0G5Sp,,(Z,)

function _
(P) v oonis o H¢ = HY(GF,T,) — spherical Hecke
(P)|/\ ' ZP' algebra

0 Id
o/ = (—|C| 0 = Math(Z)

e DS(p%) = {A € G | AJA' = p°))
¢ Tnc(pa) — ZI‘H\DE(/J“)/FH I_ngrn S Hg

o W — type-C Weuyl group, aka signed
Zpo(S) = Gols = 9) — — type-C Weyl group, aka sig
permutations

: . 4C ~ +1 +1W
Note independence of P! e :H; = Clxg',..., x5 ']" — Satake
lllustrated in the example —. lsom.

With (,(s) = 1—1/3—5 (Riemann):

Type-C Ehrhart-Hecke zeta
function

A
Zn<A<Qy

Formula for Zg’g(s)? That's what this 0,0 -(1 0
project is about! Find the one for ’ ,

n =3 and (simulatenously) all € at Note: weight functions depend on P;, but sums over the concentric circles around
the bottom of the page. | the root (labeled 5/2 and 3), normalized by this label, do not. Surprise?!

Hermite-Smith series Symplectic Hecke series, Satake
generating functions, and Hermite-Smith
series

Two sets of invariants of a lattice A < Z7:

Smith parameters: p(A) = (1, ..., tn) | Z5IN = P, Z/(p*)

/J ;5[7

Hermite parameters: o(/\) = (04 N\ — ( p*” N

01 : : .
prok ok ) Consider the symplectic Hecke series

Y TS(p)XT e HSIX].
a>0

. . . , , , Applying the Satake isomorphism () to its coefficients, we obtain
The Hermite-Smith series enumerates p-adic lattices simultaneously by

Hermite- and Smith-parameters:

Y XMy e X, v X) = (1= x0X)(1 = x0%1 ... xaX) Y Q(TE(pY)X® € Clx*]

ALZj} primitive

Definition (local Satake generating function):

1— X2V, Y5
(1= X1 Y)(1 = pXi Yo)(1 = Xo V1 Vo)

Theorem (AMV)

Explicit combinatorial formula for all n € N for
HS, (X X 1,...,1, 7))

as rational function in p (!) and X and Y

Theorem (Andrianov)

Example: HS; ,(X,Y) =
The Hermite-Smith series specializes to the local Satake generating function:

i+1 n
[=

Ro(X0, X1, - - . Xm X) = HS,, ( (p( : )xox) N

An example in dimension 6 — the Ehrhart-Hecke zeta function of type C3

B 1 + (X1+€ + X4)Y . (X7+€ + 2)(64—8 + 2)(4+€ + X3-|—€) YZ + (X6+2€ + X9+€) YB + X10+2€y4
(1= X3Y)(1 = X3Y)(1 = XOY)(1 — X2Y)(1 — X2+EY)(1 — X3+¢Y)

for ¢ € {0,1,...,6}

X—p,Y—op3s




