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1.3. 0-Hecke algebras and the quasisymmetric
characteristic

1. Preliminaries

Let n be a positive integer.

The 0-Hecke algebra H,(0) is the C-alg. gen. by w1, mo, ..., m,_1 Subject to

- P, := the set of all posets on [n], where [n] ={1,2,...,n} the following relations:

- QSym := the ring of quasisymmetric functions 772.2 —m; forien—1],

- F,, = the fundamental quasisymmetric function attached to a = n T 1T = i1 Tmq1  fori € [n — 2],
TG = T if |i — 5| > 2.

For P € P, define
¢ X (P)={c€Gy|izpj=o0o(i) <o(j)}

(= the set of linear extensions of P)

Note. For n > 4, there are infinitely many nonisomorphic indecomposable
Hy(0)-modules. To be precisely, Hy(0) is tame and Hy(0) is wild for n > 4.

"79 Norton classified all irreducible H,(0)-modules F,, (o = n).
'96 Duchamp-Krob-Leclerc-Thibon introduced the ring isomorphism
ch : 69 Go(Hp(0)) — QSym, [Fqo] — Fy  (a: composition),

n>0
called the quasisymmetric characteristic.

e K p :=the P-partition generating function of P

- Z Feomp(Desy (o)) (1984, |.Gessel)
O'EZL(P)

1.1. Schur labeled skew shape posets

A Schur labeling of shape A/ is a bijective tableau of shape A/ s.t. each row 1.4. 0-Hecke modules arising from posets

decreases from left to right and each column increases from top to bottom.

Duchamp-Hivert-Thibon([2]) constructed a right H,,(0)-module Mp (P € Py,)

Schur labeli : . .
chur-abeling s.t. ch([Mp]) = Kp. Here, we consider its left module version.

of shape (3,3,2)/(1)
D

Schur labeled skew shape poset

Definition.
5|1 otate - /2\ /5\ Let P € P,,. Define Mp to be the Hy(0)-module with
61472 T — Lo A T e the underlying space: CX 1 (P)
715 3 6 e the H,,(0)-action: for v € ¥7(P) and i € [n — 1],
- poset(7) v ifi € Desp(v),

e SP,, := the set of all Schur labeled skew shape posets in Py, mi-y =< 0 ifid¢ Desy(v)and s;y & X (P),

. . . vy IfTe&D and s;y € X1 (P).
For P € SP,,, Kp is a symmetric function. il i ¢ Des(7) 0y L(P)

Stanley’s P-partitions conjecture. ([5]) Note. 1. ch([Mp]) =(Kp), where P : QSym — QSym, F, — Fyc.
For P € Py, 2. It P € SPy,, then ch(|Mp])
Kp: symmetric function = P: Schur labeled skew shape poset. labeling 7 s.t. P = poset(T).

= s)/, Where A/ is the shape of a Schur

3. Theset{Mp | P € RP,} contains all indecomposable summands of Hy(0)-
modules constructed to give a representation-theoretical interpretation of

1.2. Regular posets important quasisymmetric functions ([3]).

For o, p € Gy,
-Desy(o)={ien—1]|iisrightofi+1ino(1l)o(2)---0(n)}
- the left weak Bruhat order <X, on &,,: v <1 s;7 < @ ¢ Desy(v)

1.5. Regular Schur labeled skew shape posets

1. Assuming Stanley’s P-partitions conjecture hold,
RSP, = {P € RP,, | Kp is a symmetric function}.

- the left weak Bruhat interval o, pl; .= {y € &), | 0 =1 v =X p}
We adopt the following theorem as the definition of regular posets.

Theorem. 1991, Bjorner-Wachs ([1])
For P € P,

2. Forany P € SP,, there exist Q € RSP,, and § € &,, s.t.
Xp(P)=%(Q) 0.
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2. Combinatorial properties of P € RSP,

3. H,(0)-module properties of M (P € RSP,)

2.1. A characterization of posets in RSP,

3.1. The classification of My's (P < RSP,))

Theorem 1. ([4])
For P € Py,

P e RSP,, < »;(P): dual plactic-closed.

Theorem 4. ([4])
For P, () € RSP,,,

Mp= Mg < sh(rp) =sh(rp).

Here, a subset of &, is called dual plactic-closed if it can be written as the  gretch of the oroof.

union of some dual Knuth equivalence classes.

Example 1. Let P ::1\2 3 € Ps.

()L (P) = {213, 312,321} — [213,321], and P:poset( SE 1)
= P € RSP;

1 1
(ii)2135§><(13 13), 31215‘5(” 13), 321 | 21,12

2 "1 2 3 "2

= {213,312} and {321} are dual Knuth equivalence classes.

2.2. The left weak Bruhat interval structure

P: regular poset < Y (P): left weak Bruhat interval in G,,. In addition

e RP,, := the set of all regular posets in P,

Goal

Pn
Combinatorial viewpoint RPy, SPy Representation theoretical viewpoint
P1. Characterize the posets P in RSP, using ¥7 (P). P4. Classify Hy(0)-modules Mp's (P € RSP,,) up to
, , , , Isomorphism.

P2. Describe the interval ¥ (P) using tableau reading RSP,

P5. Explain the Schur-positivity of Kp (P € RSP;,)
from the H,,(0)-representation theoretical viewpoint.

words for P € RSP,,.

P3. Describe the descent-preserving isomorphism
class of ¥ (P) for P € RSP,,.

Necessary definitions and notation.

- 7p Is a unigue Schur labeling defined by P = poset(7p) and

1 3 211
4l N/ 3
2 4
| | T8
4 1 5
P P
- T/ Tﬁ/u € SYT(\/u) are defined as follows:
1] 2 116
T\, = k d T, =
M= 1 RSV 3
5] 6 1] 2

-read;,: SYT(A/p) — &y, is defined by read;,(T')(k) = T,
readr,(T) /,,) = 213465.

Theorem 2. ([4])
Let P € RSPy, and A/u = sh(7p). Then, X1(P) = read;,(SYT(\/u)) and

Yp(P) = [readrp(T) /), readTP(T)/\/M)]L.

2.3. The descent-preserving isomorphism class

(k). For instance,

e [nt(n) := {all left weak Bruhat intervals in &,} = {¥;(P) | P € RP,}

. . D D _ .
Define an equivalence relation >~ on Int(n) by I} ~ I if

Japosetiso. f: (I1,=1) = (I2,=7) s.t. Desy(v) = Desy(f(v)) Vv € I.

D
The main reason for studying ~ is that

if X7 (P) = Xr(@), then Mp = Mg and thus Kp = K.

Theorem 3. ([4])

Let P € RSP, and C' the equivalence class of X7 (P) under 4 Then,
C ={Xr(Q) | Q € RSP, with sh(rg) = sh(p)}.

Theorem 3 tells us that

1. {¥(P) | P € RSP, } is closed under g, and

2. for any skew partition \/u of size n,

Cy = {SL(P) | P € RSPy, with sh(rp) = A/u}

. . D
'S an equivalence class under ~.

Here, |C/,| =1 < the Young diagram of A/u contains no 2 x 2 boxes.

(<=) It sh(tp) = sh(7g), by Theorem 3, Mp = M.
(=) Step 1. Find the projective covers and injective hulls of Mp and M.

Step 2. Show that if sh(7p) # sh(7g), then Mp and Mg have either noniso-
morphic projective covers or nonisomorphic injective hulls. []

By Theorem 3, Theorem 4 can be restated as follows: for P, () € RSP,

Mp =My & N(P)~3.(Q). ()

3.2. Representation theoretical interpretation of Schur
positivity of Kp

Theorem 5. ([4])
For every P € RSP,,, there exists a filtration

O=MyC My CMyC.---CM;:=Mp
of Mp s.t. forall 1 < k <, ch(|My./M;._1]) = s, for some v - n.

Example 2. Let P = 1\2 3 4 € RSPy Then, X1 (P) = [2134,4321]:

,,,,,,,,,

,,,,,,,,,

For 0 < k <5, let Ek = |_|7;e[l<:] B;. Then, for1 < k <5,
CEk is a submodule of Mp and ch([CEk/CEk_l]) is a Schur function.

Remark.

Let M be an Hy(0)-module. Even if ch([M]) is Schur-positive, there may
not exist a filtration of M that satisfies the property appearing in Theorem
5. For instance, see |4, Example 6.6].

Further avenues

1. Describe the descent-preserving isomorphism class of I € Int(n).

2. Classify {Mp | P € SP,} and {Mp | P € RP,} up to H,(0)-module
isomorphism. In particular, we expect that (*) holds for P, ) € RP,,.
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