A Whitney polynomial for hypermaps
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Hypermaps and their Whitney
polynomial

A collection of hypermaps is a pair of permutations (0, )
acting on the same finite set of labels. The orbits of
this action are the connected components, we denote
their number by k(o,«). We call (0,«) a hypermap
if K(o,x) = 1. Fig. 1 represents the hypermap (o, &) for
o= (1,4)(2,5)(3) and &« = (1,2,3)(4,5). The cycles
of o are the vertices, the cycles of « are the hyperedges
and the cycles of o« 'o = (1,5)(2,4, 3) are the faces. A
hypermap is a map if the length of each cycle in « is at

most 2.
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Figure 1: The hypermap (o, &)

The Whitney polynomial R(o, o;u,v) of a collection of
hypermaps (0, &) on a set of n points is defined by the
formula
R(0, 0w, v) = Z ukloB)—klox) | k(o,p)+n—z(B)—z(0)
B<«

Here the summation is over all permutations [3 refining «,
and z(7t) denotes the number of cycles of 7t. For maps
we recover the usual definition of the Whitney polynomial

of the underlying graph.

General properties of the
Whitney polynomial

Assume H = (o0, «) is a collection of hypermaps and
(1,2,...,m) is a cycle of o for some m > 2. Then we
have the following “deletion-contraction rule™:

R(H;u,v) — Z R(¢k(H);u>v) * Wy,
k=1
Here Cbk(H) — (G,(],k)d(],k — 1)) and wy =

uk(@cH)=x(H)y, if % =£ 1 but 1 and k belong to the same
cycle of 0, and p(H) = ((1,k)o, (1,k)x(1,k—1)) and
wy, = uklOH))=cH) 0 3| other cases. Note that each
Wy is a monomial from the set {1, u, v, uv}.

Noteworthy specializations of the Whitney polynomial in-

clude:

® R(o, &;0,0) is the number of spanning hyperforests
of (0, &).
® R(o, ;0, 1) is the number of spanning collections
of hypermaps of (o, ).
The Tutte polynomial T(G;x,y) of a graph (map) G is
given by T(G;x,y) = R(G;x — 1,y — 1). Extending
this definition to collections of hypermaps the obvious way
does not seem to be a good idea:
Example For c = (1)(2)---(n) and x = (1,2,...,1)
the polynomial R(o, o;u,Vv) is a Narayana polynomial of
u For n = 2 we have R(o,;u,v) = 1 + u, but for
n =3 we get R(0, o u, v) = u? + 3u + 1: substituting
u=x—1 yields x> +x — 1.

We still have the following generalized duality result.

Theorem A collection of hypermaps (o, o) of genus zero
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and its dual collection (oo, ™) satisfy R(o, o1, v) =

Rl o, v, u).

Medial maps

Definition Let (o,) be a collection of hypermaps
on the set of points {1,2,...,n}. We define its me-
dial map M(o,«) as the following map (o', ') on
{1-,17, 2727 ..., n",n"}

® the cycles of o’ are all cycles of the form
y y

o« o_|_ o« o_|_ o« o_|_ o o o .
(17,17 ,15,15 - - -y 1, 1 ) Where (11,12,...,1k) is a
cycle of «;

® the cycles of o’ are all cycles of the form

o_|_ . I

(17, 0(1)7).

We obtain a collection of maps (o', «’) which has an un-

derlying Eulerian digraph obtained by directing each edge

Figure 2: A planar hypermap and its medial map

Proposition Every directed Eulerian graph arises as the
directed medial graph of a collection of hypermaps.

A noncrossing Eulerian state is a partitioning of the edges
of the underlying directed medial graph into closed paths
in such a way that these paths do not cross at any
of the vertices. The noncrossing circuit partition poly-
nomial of an Eulerian map (o,«) as j((o,a);x) =

k
210 frloy o)x™.
crossing Eulerian states with k cycles.

Here fi (0, &) is the number of non-

The following result generalizes Ellis-Monaghan's general-
ization of Martin’s formula [1, Eq. (15)] from planar maps
to hypermaps.

Theorem Let (0, ) be a genus zero collection of hy-
permaps and M(o, «) the collection of its medial maps.

Then j(M(o, &);x) = x<\%%¥R(0, a; x, x) holds.

A visual computation of
R(o, o;u,v) in the planar case

Given a planar hypermap, we may shrink the edges of its

medial map to its outline:

We cut the hyperedges connecting positive points of the
medial map to negative points. We assume that the infi-
nite outer face is a sea, and its water flows in along the

cuts:

Figure 3: Wet coastlines after a few cuts

Theorem Given a planar hypermap (o, &), we may visu-
ally compute its Whitney polynomial by making its model
in paper, and performing the above cutting procedure
in all possible ways and associating to each outcome u
raised to the power of the wet coastlines and v raised to
the power of the dry faces. The sum of all weights is
u- R(o, ou,v).

The characteristic polynomial and
the flow polynomial

Proposition Let « be a permutation of {1,2,...,n}
with K cycles of lengths c1,...,cx. Then the partially
ordered set of all refinements of « is the direct product
id, o] = H]f:] NC(ci). Here id is the identity permuta-
tion and NC(c;) is the lattice of noncrossing partitions on
c; elements.
We define the characteristic polynomial x (0, o¢;t) by
X(0,05t) = 3 ulid, ) - tx1o#1-x(Ee)
B<o
Theorem Assume that each cycle of « has length at
most 3. Then for any positive integer t, the number
t<(o%) . v (0, o, t) is the number of ways to t-color the
vertices of (0, &) in such a way that no two vertices of
the same color are incident to the same cycle of «.
We define the flow polynomial C(o, o;t) of (o, ) by
C(o, o t) = Z (B, “)tn+K(G,ﬁ)—Z(ﬁ)_Z(0).
p<ax
Following Cori and Machi [2] we define a flow on a (0, &)
as a function f:{1,2,...,n} — K for some field K such
that the set C of points of any cycle of o or « satisfies
2_iec T(1) =0.
Theorem Let K be a finite field with q elements and as-
sume that each cycle of o« has at most three elements.

Then C(o,«;q) is the number of nowhere zero flows
f:{1,2,...,n} > Kon (0o,a).
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