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1. Introduction

Extremal weight crystal
¨ V pλq (λ P P ) : extremal weight module
“ Uqpgq-module generated by an extremal weight vector vλ

Remark When λ P P `, V pλq is a highest weight module.

¨ Bpλq : crystal base of V pλq [Kashiwara 94]
“ local basis of V pλq at q “ 0

- It contains combinatorial data of underlying modules.
- There are many well-known combinatorial models to describe Bpλq

Motivation [Kwon 11, Naito-Sagaki 12] (g “ a8, b8, c8, d8)
For a nonnegative level λ P P , there exist λ0 P E and λ` P P ` such that

Bpλq – Bpλ0q b Bpλ`q

Goal 1. Define an extremal weight crystal structure on combinatorial models;
– spinor model – g8-type Kashiwara-Nakashima tableaux

2. Describe the algebraic structure of the Grothendieck ring related
to extremal weight crystals (using tensor product decompositions)

※ To illustrate explicitly, we describe only the case for type C from now on.

2. Notations
¨ g “ g8 : affine Lie algebras of infinite rank

c8 : ˝
0

˝
1

˝
2

¨ ¨ ¨

• I “ Z` : index set (nonnegative integers)

• tαi | i P Iu : simple roots
ex) α0 “ ´2ϵ1, αi “ ϵi ´ ϵi`1 (i ě 1)

• tΛg
i | i P Iu : fundamental weights

ex) Λg
i “ Λg

0 ` pϵ1 ` ¨ ¨ ¨ ` ϵiq (i ě 1)

• P “ ZΛg
0 ‘

8
à

i“1
Zϵi : weight lattice

• P ` : dominant weights

• E “

8
à

i“1
Zϵi Ď P

¨ P : the set of partitions
– ℓpλq : the length of λ P P

– PpGq “ t pλ, ℓq P P ˆ N | ℓpλq ď ℓ u

¨ SST pλq : the set of semistandard tableaux of
shape λ P P

3.1. Spinor model
Spinor model [Kwon 15, Kwon 16] pλ, ℓq P PpGq

¨ Tgpaq “
Ů

ně0 SST pp2n, 1aqq (a ě 0)
¨ Tgpλ, ℓq : subset of Tgpλℓq ˆ ¨ ¨ ¨ ˆ Tgpλ1q satisfying

the admissibility condition
¨ Πgpλ, ℓq “ Λg

λ1
` ¨ ¨ ¨ ` Λg

λℓ
P P `

1 2
2 3

1 1
2 3
4

1 1
2
3
4

pT3, T2, T1q P Tgpp3, 1, 0q, 3q

Example

Thm [Kwon 15, Kwon 16] For pλ, ℓq P PpGq,
Tgpλ, ℓq is a g-crystal and is isomorphic to BpΠgpλ, ℓqq, i.e.,

Tgpλ, ℓq – BpΠgpλ, ℓqq.

3.2. g8-type Kashiwara-Nakashima tableaux
g8-type KN tableaux [Lecouvey 09] λ P P

¨ Ig “ t ¨ ¨ ¨ ă 3 ă 2 ă 1 ă 1 ă 2 ă 3 ă ¨ ¨ ¨ u

¨ KNg
pλq : subset of SST pλq whose letters are in Ig

satisfying some configuration conditions
¨ ϖλ “ λ1ϵ1 ` ¨ ¨ ¨ ` λtϵt P E (t “ ℓpλq)

Example λ “ p3, 3, 2, 1q

5 5 1
2 1 2
1 3
2

rf1
ÝÑ 5 5 1

1 1 2
1 3
2

Thm [H. 23] For λ P P, KNg
pλq is a g-crystal and is isomorphic to Bpϖλq, i.e.,

KNg
pλq – Bpϖλq.

4. The Grothendieck ring
¨ K : Grothendieck ring of C (a category of extremal weight g8-crystals),
i.e., an additive group generated by isomorphism classes rBs for B P C

Prop [Kwon 11, H. 23] K is an associative Z-algebra.

¨ K0 : the subalgebra of K generated by rBpλqs (λ P E)
Prop [Lecouvey 09] There is an algebra isomorphism between K0 and the
ring Sym of symmetric functions.

Ψ0 : K0 Ñ Sym, rBpϖλqs ÞÑ sλ

¨ K` : subalgebra of K generated by rBpλqs (λ P P `
int)

Prop [H. 23] There is an algebra isomorphism between K` and the ring
Zrrhss of formal power series in commuting variables h “ thk | k P Z`u.

Ψ` : K` Ñ Zrrhss, rBpΠgpλ, ℓqqs ÞÑ Hgpλ, ℓq

Remark K “ K0 b K` (as vector spaces)

¨ z “ t zk | k P N u : commuting formal variables
¨ Let A “

ÿ

ně0
An, where A0 “ Zrrhss, An “ A0rz1, . . . , zns (n ě 1)

; A is an algebra under the following inductively-defined multiplication:
– A0 “ Zrrhss : usual multiplication
– Suppose the multiplication on An´1 is well-defined.
For a P An´1, define azn “ zna ` δnpaq with a derivation δn on An´1

$

’

’

&

’

’

%

δnpzkq “ 0 p1 ď k ď n ´ 1q

δnphaq “

n´1
ÿ

i“0

minta,n´iu
ÿ

j“0
ziha`n´i´2j pa P Z`q

Thm [H. 23] There is an isomorphism of Z-algebras.

Ψ : K Ñ A, rBpϖp1iqqs ÞÑ zi, rBpΠg
j qs ÞÑ hj
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