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Definition and characterizations

Definition

An integer partition 7 = 7Ty ... 7} 1S tri-
angular if its Ferrers diagram consists of
the points in N? that lie on or below the
line that passes through (0, s) and (r, 0) for
some 1, s € Ry, called a cutting line.

A = set of all triangular partitions,
A(n) = set of triangular partitions of size n.

Definition

A cell of 7 € A is removable if removing it from 7 yields a triangular partition.
A cell of the complement N*\ 7 is addable if adding it to 7 yields a triangular
partition.

Lemma (Bergeron, Mazin [2])

Every nonempty triangular partition has either one removable cell and two addable

cells, two removable cells and one addable cell, or two removable cells and two
addable cells.

Conv(S) = convex hull of S C N°.
Proposition ([4])
A partition \ is triangular if and only if Conv(\) N Conv(N\ \) = (.

Proposition ([4])

Two cellsin 7 € A are removable if and only if they are
consecutive vertices of Conv(7) and the line passing
through them does not intersect Conv(N®\ 7).

The triangular Young poset
YA = poset of triangular partitions ordered by containment of their Ferrers diagrams.

Lemma (Bergeron, Mazin [2])

Let 7,v € Y such that 7 < v. Then, 7 < v if and only
if 7 is obtained from v by removing exactly one cell. In
particular, YA is ranked by the size of the partitions.

Lemma (Bergeron, Mazin [2])

The poset Y has a planar Hasse diagram, and it 1s a lattice.

Proposition ([4])
The join and the meet of 7, € YA are given by
TVv=NnNConv(rUr) and 7Av =N\ (NQHCOHV(NQ\(THV))).

Theorem ([4])
Let 7,v € Y such that 7 < v. The value of the Mobius function is:
1 ifeithaer=vorIC A v=CNVE T< L E,
ur,v)=<¢ -1 ifr<v,

0 otherwise.

Bijections to balanced words

Definition
A binary word w = wy ... wy is balanced if for any h < fand 7,9 <{—h+ 1,

(w; + wir + -+ + Wigg—1) — (W + Wi + - -+ wig—1)| < 1.

B, = set of balanced words of length /.
Theorem (Lipatov [5])

The number of balanced words of length £ is |[By| = 1 + 3¢, (€ — i + 1) ().

A triangular partition is wide if all its parts are distinct. Given a wide triangular
partition 7 = 7y ... T, define the binary word

w(T) = 107 1™ 10T 0T

Proposition ([4])

For every k,¢ > 1, the map w is a bijection between the set of wide triangular
partitions with £ parts and first part equal to ¢, and the set of balanced words ot
length ¢ with k£ ones that start with 1.

B' = set of balanced words with at least
one 0. Fort=m...7. € W. define
D(r)={mn—7, m—17T3, ..., The1— Tk},
min(7) = 75, dif(7) = minD(7),

wrd(7) = wy ... wp_1,

where W; = T; — Tl — dlf( )

Theorem ([4])

The map x = (min, dif, wrd) is a bijection between VW and the set
T ={(m,d,w) ENxNxB"|m<d+1, wleB ifm=d

Its inverse is given by the map

k—1
Em,d,wy ... wg_1) =T1...Tg, Where 7, =m+ Z(wj + d) for i € [k].
j=i

Additionally, given 7 € W with image x(7) = (m, d, w), its size is

k
17| = km + <2>d+

m?
k—1
i=1

Efficient enumeration

Enumeration algorithm to compute |A(n)| for 1 < n < N (available at [1}):
1. On input [V, run a depth first search through
the tree of balanced words of length up to .

[V2N]|.

2. For each word, find all values m,d € N such o/

that (m,d,w) € T, as defined in (1), and g‘:‘:h“ '

such that the size function in (2) is at most 3 o
lh\]'. 0.35

0.3

06

3. Each triplet (m, d, w) accounts for triangular ~ es/

partition 7 = y(m, d,w) and its conjugate. T2 s 4 s 6 7 8 9

n «10*

Complexity: O(N*/?). Tt allows us to compute the first 10° values of |A(n)|, com-
pared to the 39 terms known previously. The plot shows |A(n)|/(nlogn), giving
experimental evidence for the following result:

Theorem (Corteel et al. [3])

There exist ¢, ¢ such that enlogn < |A(n)| < dnlogn for all n > 1.

Triangular subpartitions

I(¢") = number of triangular subpartitions of the staircase of ¢ parts.
A = get of triangular partitions inside a square of side .

Lemma ([4])

The number of triangular partitions of width exactly £ and height at most ¢ is

B| /2, and
|A€><€ \ A(ﬁ—l)x(é—l)‘ _ ](0_6) o I(O_é—l) _ |Bg| 1

Theorem ([4])

We also have a direct combinatorial proof of this theorem, from which we derive as
a byproduct a new proof of Lipatov’s enumeration theorem for balanced words.
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