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Quasisymmetric Polynomials & Hivert’s Action

Two Catalan Quotients

gr (“Orbital Harmonics”)

The Excedance Relation

Noncrossing Partitions

Excedance Classes

<latexit sha1_base64="f35g+pD9DBpG/kR0G1LNZI/9pEM="></latexit>𝐸𝑣𝑎𝑙(𝑤) = { }<latexit sha1_base64="f35g+pD9DBpG/kR0G1LNZI/9pEM="></latexit>𝐸𝑣𝑎𝑙(𝑤) = { }2, 5, 6, 7

<latexit sha1_base64="HoW1hAftgi6DHt3yCAhC65K8AVM="></latexit>𝐸𝑝𝑜𝑠(𝑤) = { }<latexit sha1_base64="HoW1hAftgi6DHt3yCAhC65K8AVM="></latexit>𝐸𝑝𝑜𝑠(𝑤) = { }1, 2, 3, 5
<latexit sha1_base64="pPW2R7q0eRKYUKWOe055WsVGtlg="></latexit>= 𝐸𝑝𝑜𝑠(𝑣)

<latexit sha1_base64="AVcfRmW8sPG0xC0M64KoTJMnbHE="></latexit>= 𝐸𝑣𝑎𝑙(𝑣)1 2 3 4 5 6 7
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<latexit sha1_base64="HZC3DUF0q1/5uroLqMcIgiwM+8E="></latexit>𝑤 = <latexit sha1_base64="iHAfr576WyUt7dAIdeD29BbLMdM="></latexit>= 𝑣1 2 3 4 5 6 7
12 3 4567
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2. (uniquely) connect     to    
without creating crossings

<latexit sha1_base64="IzjFZLJVX696LcrehVzV25NHPXA="></latexit>𝑅𝑛/⟨QSym+𝑛⟩
<latexit sha1_base64="EPNVeCAungHFiZTPsJYVxJWFICY="></latexit> gr
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<latexit sha1_base64="FMrBPhaPaJNev1V1gUsdc8oP5yU="></latexit>

QSV𝑛<latexit sha1_base64="8PoMPPwTBXwMoAa3d2+4vpCrvz8="></latexit>∈ <latexit sha1_base64="0FnIvvNJv2h6lnIGM53W9TMhRv8="></latexit>𝑆𝑛<latexit sha1_base64="8PoMPPwTBXwMoAa3d2+4vpCrvz8="></latexit>∈
<latexit sha1_base64="UM73vEeRkSfWax+Bodebf/R9ly8="></latexit>𝑢 ⋖ 𝑣 if (𝑎 𝑏)𝑢 = 𝑣 and ℓ(𝑢) = ℓ(𝑣) − 1
 Bruhat Order:      

<latexit sha1_base64="UM73vEeRkSfWax+Bodebf/R9ly8="></latexit>𝑢 ⋖ 𝑣 if (𝑎 𝑏)𝑢 = 𝑣 and ℓ(𝑢) = ℓ(𝑣) − 1<latexit sha1_base64="UM73vEeRkSfWax+Bodebf/R9ly8="></latexit>𝑢 ⋖ 𝑣 if (𝑎 𝑏)𝑢 = 𝑣 and ℓ(𝑢) = ℓ(𝑣) − 1and
if and only if

<latexit sha1_base64="uHXztsam+TOA6PBAcHgDhfYDMoI="></latexit>

The Bruhat order is the partial order
on 𝑆𝑛 generated by the relation:

Comparison with Sym

<latexit sha1_base64="GFX4YVIyTrtca4zV2kB8ameevP4="></latexit>

Constructing QSym𝑛 gives two quotients with dimension
<latexit sha1_base64="I+pcQWpPZ3mBJbGJAmSVYV/5n3s="></latexit>𝐶𝑛 = 1𝑛 + 1(2𝑛𝑛 ).

<latexit sha1_base64="pY9G/9Hph65qIDAi+zGDMu7rpSI="></latexit>𝐸𝑝𝑜𝑠(𝑤) = {𝑖 | 𝑖 ≤ 𝑤𝑖} and 𝐸𝑣𝑎𝑙(𝑤) = {𝑤𝑖 | 𝑖 ≤ 𝑤𝑖}.
<latexit sha1_base64="v3sdekDWta3nA98dJeS0Mq2Vy5Q="></latexit>𝑤 ∼ 𝑣 if and only if 𝐸𝑝𝑜𝑠(𝑤) = 𝐸𝑝𝑜𝑠(𝑣) and 𝐸𝑣𝑎𝑙(𝑤) = 𝐸𝑣𝑎𝑙(𝑣)

<latexit sha1_base64="T9mVfc28mQYf2FcYY9lxuVSfNw4="></latexit>1
<latexit sha1_base64="J6vGaj5J/xcJP4QfZrzmmY5Nr3Q="></latexit>1′ <latexit sha1_base64="ZoLOP7hIFvVCaRv5FhU3RfMEx1Y="></latexit>2′

<latexit sha1_base64="Rtq6WnNio84Pg4730H8dZ+XgUGI="></latexit>2 <latexit sha1_base64="4H2wc00dj5o7sDINCY11fUv6TfU="></latexit>3
<latexit sha1_base64="7UfJSgh/azKKJA0Krin6tSTecsI="></latexit>3′

<latexit sha1_base64="IdQA6rtK+bX9tkLJqewJlk2pmeI="></latexit>= 132 − 123 + ker(∗) ∈ TL3(2)
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1. place:  
<latexit sha1_base64="5SK9KdkDF9yKqUfTXO05pF86Mj4="></latexit>

at each 𝑖 ∈ [𝑛] − 𝐸𝑝𝑜𝑠
<latexit sha1_base64="jb5GsIw13C8OC7/esr3jxBAG27s="></latexit>

at each 𝑖 ∈ [𝑛] − 𝐸𝑣𝑎𝑙

<latexit sha1_base64="XSzj/zqsibASQIAeLerMwafRtJ0="></latexit>

The number of noncrossing partitions is 𝐶𝑛.
<latexit sha1_base64="T9mVfc28mQYf2FcYY9lxuVSfNw4="></latexit>1<latexit sha1_base64="Rtq6WnNio84Pg4730H8dZ+XgUGI="></latexit>2<latexit sha1_base64="4H2wc00dj5o7sDINCY11fUv6TfU="></latexit>3<latexit sha1_base64="2nX0T35QpdYPa4FGRFLith70e9I="></latexit>4<latexit sha1_base64="szmj1xLK5nezYadw/zPxDhEmu6g="></latexit>5<latexit sha1_base64="lchlwr/gfwL2ZmZfYT9yMx5DZ5g="></latexit>6

<latexit sha1_base64="jVMUwspe7RbI3+jLDp8F7DEG520="></latexit>

(i) The dimension of 𝑅𝑛/⟨Sym+𝑛⟩ is 𝑛!.
<latexit sha1_base64="bg63uPM48sBnAU6Ml6CJ4UtoHbw="></latexit>

(iii) 𝑅𝑛/⟨Sym+𝑛⟩ canonically affords the regular
representation of 𝑆𝑛.

<latexit sha1_base64="LbS/UsEYqcRVINP5KndiG0nyKdg="></latexit>

Aval–Bergeron–Bergeron speculated that a
version of (iii) holds for QSym𝑛, but there is no
canonical action as ⟨QSym+𝑛⟩ is not fixed by ∗.

<latexit sha1_base64="zJtbIq3/MC98Mn/7Su/kMLbPhCg="></latexit>

For 𝑓 ∈ 𝑅𝑛, let h(𝑓) = top degree part of 𝑓 .
<latexit sha1_base64="LO6V5xVO2RsRCfJEVl57DYrzDfc="></latexit>𝑅𝑛/𝐼 ≅ 𝑅𝑛/gr(𝐼)

The Quasisymmetric Variety Q                .
<latexit sha1_base64="dsipT2+Coawrb8jZ4JR90FdOw/4="></latexit>

QSV𝑛 ⊆ 𝑆𝑛
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<latexit sha1_base64="wraILijzx4YVZTo87t084m0US+4="></latexit>𝒞
1 2 3 4

<latexit sha1_base64="wraILijzx4YVZTo87t084m0US+4="></latexit>𝒞
1 2 3 4

<latexit sha1_base64="wraILijzx4YVZTo87t084m0US+4="></latexit>𝒞(3, 1, 4, 2)

(4, 1, 3, 2)

(4, 1, 2, 3)

<latexit sha1_base64="V4Jc3+Y5IplgTyVmEnGrTSQq4m8="></latexit>

(iii) the Bruhat-max of 𝒞𝜆 is a “noncrossing partition,”

<latexit sha1_base64="cld56vM4ZXrq1SzCpd3FyVtQBaM="></latexit>

(ii) the Bruhat-min of 𝒞𝜆 is 321-avoiding,
<latexit sha1_base64="M5OmhUIC0v65vKQcbiolPsmCelA="></latexit>

Theorem [B.–G.]: Let QSV𝑛 = {max(𝒞𝜆) | noncrossing partitions 𝜆 of [𝑛]}.
<latexit sha1_base64="aMf957WEMyzAzCoUoz+61FiqMxM="></latexit>

(iii) QSV𝑛 descends to a basis of ℂ𝑆𝑛/ ker(∗), so TL𝑛(2) ≅ 𝑅𝑛/I(QSV𝑛).
<latexit sha1_base64="kjVgWd8itLTS/wkRiSw+imhJFDk="></latexit>

(i) gr(I(QSV𝑛)) = ⟨QSym+𝑛⟩, where I(−) denotes the vanishing ideal,

<latexit sha1_base64="y1W1v0s6Z9B5DUXm62B5nLWILXs="></latexit>

This gives a natural action of TL𝑛(2) on 𝑅𝑛/⟨QSym+𝑛⟩.

1 2 3 4 5 6

<latexit sha1_base64="vPDtts10r5uow4V1PeXbWFwTtg0="></latexit>

max(𝒞 <latexit sha1_base64="NVQIXqaFOxXupyGhF5AI/i2vIDY="></latexit>) <latexit sha1_base64="Ea4Cz7eFjMs4gtGKZt+NK4j6pl8="></latexit>= (6 1) (5 3 2) (4) <latexit sha1_base64="AJLmQq/X5QBGMG0MqJEARKlSnEs="></latexit>= 652431

<latexit sha1_base64="cCVXLQcqS+3fCnAN57f0youCYYs="></latexit>

We define a novel equivalence relation on 𝑆𝑛:

<latexit sha1_base64="KOYWGIU1ec2fhbsoN26GrsZPliY="></latexit>

Each class in 𝑆𝑛/ ∼ determines a unique noncrossing
partition of [𝑛]:

<latexit sha1_base64="wjb+3hRHCX5Tt9TBBl7zRQZo1hE="></latexit>

(iv) restricting the Bruhat order to 𝑆𝑛/ ∼ gives an
order isomorphic to a dual interval of Young’s lattice
(similar to a result of Gobet–Williams), and

<latexit sha1_base64="KAa/qFZaBZftrThWdkLZNU99HCo="></latexit>𝑀(2,1,1) = 𝑥21𝑥2𝑥3 + 𝑥21𝑥2𝑥4 + 𝑥21𝑥3𝑥4 + 𝑥22𝑥3𝑥4 ∈ QSym4

<latexit sha1_base64="N+lBsJ3I+Wo/alxrkVFWAlPGXsU="></latexit>

Let 𝑅𝑛 = ℂ[𝑥1, 𝑥2, … , 𝑥𝑛]. For any subset 𝐼 = {𝑖1 < 𝑖2 < ⋯ < 𝑖ℓ} ⊆ [𝑛] and
composition 𝛼 = (𝛼1, 𝛼2, … , 𝛼ℓ) of the same length, define𝑋𝛼𝐼 = 𝑥𝛼1𝑖1 𝑥𝛼2𝑖2 ⋯ 𝑥𝛼ℓ𝑖ℓ , e.g. 𝑥(2,1,1){1,2,4} = 𝑥21𝑥2𝑥4.

<latexit sha1_base64="d1IcuKyS4z1ncbxvy8FtiJawn0g="></latexit>

Hivert has defined a (non-standard) action “∗” of 𝑆𝑛 on 𝑅𝑛:𝑤 ∗ 𝑋𝛼𝐼 = 𝑋𝛼𝑤(𝐼) e.g. 2143 ∗ 𝑥21𝑥2𝑥4 = 𝑥21𝑥2𝑥3
The quasisymmetric polynomials are the fixed points of ∗: QSym𝑛 = 𝑅∗𝑆𝑛𝑛 . For
example,

<latexit sha1_base64="W8BddaJIH9jHg3wf6ipfB9/Daqw="></latexit>

For the standard 𝑆𝑛-action “⋅” on polynomials,𝑅⋅𝑆𝑛𝑛 = Sym𝑛, the symmetric polynomials.

<latexit sha1_base64="zQjRZEjiD+L8ZrMHHB+sueXWFX4="></latexit>𝑥4𝑥25 + ⟨QSym+𝑛⟩
<latexit sha1_base64="ZNUIDt1TrVNuSzYPZ3qwrUNlY5Q="></latexit>

(i) The coinvariant space 𝑅𝑛/⟨QSym+𝑛⟩: Aval–Bergeron–Bergeron
compute the initial ideal find a basis of 𝐶𝑛 (standard) monomials.

<latexit sha1_base64="fEsQwqb239S2fi5qmbJgA/CEDFA="></latexit>

(v) any section (𝑤𝜆 ∈ 𝒞𝜆)noncrossing 𝜆 descends
modulo ker(∗) to a basis of TL𝑛(2).

<latexit sha1_base64="5gzqBYROxLwZFFewmX4k22ThDck="></latexit>

(ii) ker(⋅) = 0, so dim (ℂ𝑆𝑛/ ker(⋅)) = 𝑛!.
<latexit sha1_base64="RByRzyz2ccXrbnx77xjOElhT1cg="></latexit>

h(𝑥21𝑥3 + 𝑥1 − 7) = 𝑥21𝑥3.

<latexit sha1_base64="7eFs6QxfgIOfWp7rlqMfHX2y5sc="></latexit>

A weak excedance of 𝑤 = 𝑤1𝑤2 ⋯ 𝑤𝑛 ∈ 𝑆𝑛 is a pair (𝑖, 𝑤𝑖) with 𝑖 ≤ 𝑤𝑖. Let

<latexit sha1_base64="YKNQXf3NcztPOdY7P1S4cGEH1iQ="></latexit>

For 𝐼 ⊆ 𝑅𝑛, let gr(𝐼) = ⟨h(𝑓) | 𝑓 ∈ 𝐼⟩. Then
gr(𝐼) is homogeneous and

<latexit sha1_base64="P/xRhNFSPshcbBB8xKBW01MrNP0="></latexit>

as vector spaces (think: 𝐼 is the vanishing
ideal of a variety of points).

<latexit sha1_base64="sEgvPK6eZGbmTeaBAWM+m1/bpN0="></latexit>

(ii) The Temperley–Lieb algebra TL𝑛(2) ≅ ℂ𝑆𝑛/ ker(∗) has a
famous basis of (𝐶𝑛) non-crossing matchings on 2𝑛 vertices.

<latexit sha1_base64="Bo6MNLgVyFu19H4ky6LKVve8Ths="></latexit>

(ii) as vector spaces, 𝑅𝑛/⟨QSym+𝑛⟩ ≅ 𝑅𝑛/I(QSV𝑛), and

<latexit sha1_base64="G+8Sf5pStt/saW8hWWg2o2xlMQU="></latexit>

(i) 𝒞𝜆 is a non-empty interval in the Bruhat order,

<latexit sha1_base64="YKY0LA2bleb67n1Ue3ZXamUa6Dc="></latexit>

Theorem [B.–G.]: For each noncrossing partition 𝜆
of [𝑛], let 𝒞𝜆 ∈ 𝑆𝑛/ ∼ be the class corresponding to 𝜆.
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