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Classical Shi arrangement

Affine Ss
As generated by s1, S9, s3, which are reflections over the hyperplanes Heo, Hoy, Hy,.
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Shi arrangement
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Wonderful properties

Each Shi region has a unique element closest to the origin and the collection of their inverses forms
a simplex. We identify an element of the group with its alcove.
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What about non-affine, non-finite Coxeter groups?

Other Coxeter groups

Coxeter system

A Coxeter system is a pair (W, .9)
« W is a group
« S C W is a set of generators of W (S will be finite in this poster)

subject to the following: for every pair of generators s and s’, we have an integer m(s, s’) such
that (ss)"(55) = ¢ m(s,s) =1 and m(s, s’) =m(s’,s) >2for s £ s in S.
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s;8; = € since s; is a reflection

In our example in column 1, m(s;, s;) = {

Standard tools for the combinatorics of Coxeter Groups

weW,s; €5, w=s§8;, S,

« LENGTH: If £ is minimal, then s; s;, - -+ s;, 18 a reduced expression for w and the length of
w is k. Write £(w) = k. The length is the minimum number of hyperplanes crossed when
travelling from Ay to w.Ay

» INVERSIONS: ®(w) = ®F Nwd™ = {f € &7 |{(spw) < £(w)} The inversions are the
labels of the hyperplanes crossed when travelling from Ag to w.Ay

» RIGHT DESCENTS: Desp(w) = {s € S|¢(ws) < ¢(w)} ws.Ag is the neighbor of w.Ay

. RIGHT DESCENT ROOTS: ®{(w) = {—w(as)|s € Desp(w)} In bijection with Desp(w),
they are the normals to the boundary hyperplanes for alcove w Ay

« LEFT DESCENT: Desy(w) = {s € S|l(sw) < {(w)}
. LEFT DESCENT ROOTS: X (w) = ®(w) N A

Dominance order on roots

The dominance order [1] is the partial order <., on ®* defined as follows:

agom B = YweW, fedlw) = ac dw)).

@ =qom B if for every w: if I have to hop over Hy to get to wA, then I had to hop over H,. Also, dominance

can be extended to all roots.

SMAllT008 | Ty got of small roots is the set of positive roots that do not dominate any positive

roots.
Example

A : Yo = {aq, a9, a3, a1 + a9, a1 + a3, ag + a3z}, normals to the Shi hyperplanes

Seven small roots for the triangle

Shi arrangement and low elements

The Shi arrangement [4] Shig(W, S) is the arrangement of small hyperplanes:
Shig(W;,5) = 1Hp | B € Yo},
The small inversion set of w € W is the set:
Yo(w) = d(w) N 2.
The set Lg of low elements is
Lo={we W | o (w) C oy}
Conjecture and theorem

Conjecture from Dyer and Hohlweg|[3]

Theorem 1: Mininmal elements are low
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Conjecture from Hohlweg, Nadeau, Williams/[4].

Theorem 2: Low element inverses form a convex set

Let (W, S) be a Coxeter system. The union of the alcoves w™ Ay for w € Ly is a convex set.

Let (W, S) be a Coxeter system.
1. Each region of Shig(W, S) contains a unique element of minimal length.

2. The set of the minimal length elements of Shig(W, S) is equal to the set Lg of low elements.

Example
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Highlights from the proof 2]

Short i ' t . . . . .
oL IO POSER 1ot w € W with short inversions a, 8 € dH(w). We write a <y, 3 if 3

is not in the simple system for the maximal dihedral subgroupl containing the subgroup generated
by sq and sg, but « is. Take the transitive and reflexive closure to form a partial order.

Theorem 3: Sandwich theorem

Let w € W. For the poset (®1(w), =<y), the minimal elements are the left-descent roots in
®L(w) and the maximal elements are the right-descent roots in ®¥(w). More precisely, for any
B € ®Hw) there is a € PL(w) and v € & (w) such that a <y B =uw 7.

1 4 2
Consider (W, S) with S = {1, 2, 3,4} with Coxeter graph: 41:14
4 3

This is an indefinite Coxeter system, i.e., neither finite nor affine.
Let w = 1234232314, then

. O(w) = {aq, lag, 12as3, 123ay, 1234as, 1234203, 1234230,
123423203, 1234232311, 123423231 auy }

p
N
« dl(w) = {1} - </I iéz;)
« dF(w) = {123432321 ()}

« DHw) = {ay, 1(an), 31 (), v =, 1(au), B}
Polytope

a1

Consider the set
By = {x_l(ozs) |z € Ly, s€S, sx ¢ Ly}

The Shi polyhedron is the convex set

S = ﬂ H;
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