CONFIGURATION SPACES AND PEAK REPRESENTATIONS
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GOAIlL: Use results relating Solomon’s Descent algebra in Types A and B with configuration spaces to build an analogous story for the Peak algebra

COMBINATORIAL ALGEBRAS q KEY CONNECTION: SYMMETRY h CONFIGURATION SPACES

ALGEBRA:= Solomon's Descent Algebra[I12]: Sol(©,) C Q[& ]
generated by sums of elements with the same descent sct:

Y;:= 2 12%

weE©,
Des(w) =J C [n— 1]

Sol(©,) contains the Type A Eulerian idempotents due to Garsia-
Reutenauer [ /] n-l
/] e = Z <t—1+n—|Des(w)|)W

n
j=0 WES,

where Desw)={ie[n—-1]:w;>w,}.

B, isa
subalgebra

of Sol(©,)
ALGEBRA= Nyman's Peak algebra [I10]: 3, C Sol(®,) C Q[©, ]

generated by sums of elements with the same peak set:

Z; = Z

weE©,
Peak(w) =J C [n — 1]

eg Z13=02,143)+@3,142)+3,24,1) + (4,1,3,2) + (4,2,3,1) € °B,

w Where Peakw)={ie[rn—-1]:w_; <w;>w,}

NEW:-

Aguiar-Bergeron-Nyman [ I] show that I3, is the image of Sol(B,)) under

the sign-forgettingmap ¢ : B, » ©, ,eg @(—3,2,— 1) = (3,2,1)

Define the Peak idempotents e%) = go(eg)) e’PB, for0<j<n
Sol(B,)

projects
onto 3,

ALGEBRA: Solomon's Descent Algebra [12]: Sol(B)) C Q[B,]

osenerated by sums of elements with the same (Coxeter) descent set:
Y, = Z W Des(w) ={i € [n]: (w) > (ws;)}.

weB,
Des(w) = J C [n]

Sol(B,) contains the Type B Eulerian idempotents due to Bergeron-

Bergreron [4]; n =1 _ 1 40— |Des(w)]

theg)z Z ’ ) W

Jj=0 WEB,

where

XAMPL: When n = 6, the regular representation Q[©&,] decomposes as follows:
g P 6 P

k=6: odd(1) =0 k=4: odd(1) =2

Lie(2,2,2) + Lie(6) = Lie(3,3) + Lie(4,1,1) + Lie(z,z,l,l) =

¢, 0[S] e2,0[S]

H'"Conf(RP* x R) H®Conf(RP* x R)

)

(Sundaram-Welker [9] + Hanlon [6]) Ford > 3

and odd, the following decompositions of Q[&, ] coincide:

H*Conf,(R) = ) Lie, = ¢} '*Q[&,] for 0 <k <n—1

AbEn
A =n—-k

where {Lie,},, areThrall's Higher Lie characters [| 1],
Liey has image under the Frobenius characteristic map

ch(Liey) = h,, [L1h,, [Ly]-++h, [L,] A= (1™M2m, ... ™)

¥

for

MAIN RESULTS:

(Aguiar, B, Reiner [2])
. HZI‘COnfn(IRI]j’2 X R) vanishes unless k =0 mod 2

. The peak idempotent efi? vanishes unless j = n mod 2

I.As & representations, H*Conf (RP* X R) =~ Q[& ]
IV.The following decompositions of Q[&, ] coincide:

szC()nfn(IR[P’2 X R) = Z
Abn

Lie, = ¢%,*Q[&,] for 0 <k <n

odd(A) = n — k
where odd(4) is the number of odd parts of A.

A
(B [5]) Ford > 3 and oddq,

The following decompositions of Q[B, ] coincide:

H*ConfZ?4(R%) =~ "*Q[B,] for 0 < k < n

=) Bonus for experts:in fact for any finite Coxeter group of rank r; the

following decompositions of Q[ W] coincide:
VEW), = e *Q[W] for 0 <k <r

where 7°G(W), is the degree k piece of the associated graded Varchenko-
Gelfand ring 77&€(W) and e’@;k e Sol(W)

k=2: odd(1) =4 k=0: odd(1) =6

Liep 11,11y & Lieq 11,111 =

¢, 0[S¢] = 0, 0[S¢] =

H*Conf(RP? x R) HConf (RP? x R)
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(=

TOPOLOGICAL SPACE: the confisuration space

Confn(Rd) .= {(pla "',pn) = Rdn . Pj #p]}
Cohomology presentation due to Arnold [3] and Cohen [6], and

« H*Conf,(RY) = {

The Poincare polynomial of H*Conf,(R%) ford > 2 is :

n—1
Y t*dim (H*@=DConf (R%)) = (1 + £)(1 + 20)++(1 + (n — 1)1)
k=0

Orlik Solomon algebra 08(©,)
associated graded Varchenko-Gelfand ring 7" €(©,))

d > 2 and even
d > 3 and odd [9]

at (H*Confn([RlP’2 x IR))
refines
H*Conf (R%)

TOPOLOGICAL SPACE: the configuration space
Confn(lR[lj’2 X R) (Conff/ZZ(R3))Z/2Z
(assuming coeflicients in a field with characteristic not dividing 2)
(Aguiar, B, Reiner [2])
Letting d,flk) = dim (Hk(d_DC()nfn([R[F"2 X [R)) we have that
d® =#{w e S, :n—koddcycles} = dr(l’:l) + (n — 1)2d’£’i)2

We also give a presentation and basis for H*Confn(lRl]j)2 X R) and
define a filtration whose associated graded ring

gr (H>’<Confn(|]%l]3>2 X R))is a bi-graded ring refining H*Confn(lR3)
(Z/27)"

INvariant
ring

TOPOLOGICAL SPACE= the orbit configuration space
Conf;**(R?) := {(py, -+, p,) € RV : p; # £ p, # 0}

Cohomology presentation due to Xicoténcatl [ 14], and

Orlik Solomon algebra O&'(B,) d > 2 and even
« H*Conf,%/zz(ﬂ%d) o "
associated graded Varchenko-Gelfand ring 7€ (B,) d > 3 and odd [9]

The Poincare polynomial of H*ConfZ*42(R%) ford > 2 is :

n—1
Z t*dim (H4~DConfZ2Z(R4)) = (1 + H)(1 + 30)-(1 + (2n — 1))
k=0
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