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I. Introduction to Tropical Geometry.
I . Tropicalizing Principal Minors

-stable
polynoms,of Positive Definite Matrices M-convex
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Felipe Rincon , Cynthia Vinzant)



Part I : Tropical Geometry
Classical Tropical

hypersurfaces m polytopes, subdivisions

curves
,
divisors my graphs, chip-firing

linear spaces ~ (valuated) matroids

Grassmannians my moduli spaces of matroids
& valuations

Gr(2, n) u phylogenetic trees

principal minors ~???
of positive def.matrices





Viro's patchworking /starting 1980s)

m Shaw's talk



Tropicalization = logarithmit limits
X EK"

, trop(X) := lim&(log IXl , ... log(n)
absolute

x X1((
*) 3

value
--

1 :/ logt &
-> -> ->

· (0,0)

X =((X,y)= (2)
x+ y + 1 = 0]



logt 1: lim
- t ->a

-

2

1 - 3x - x2 - zy - 5xy = 0

What does trop X know about X ?

It sees X near 0 or N.



#nearSpace L Ch

trop I sees how coordinate planes Xi = 0

meet along L , i.e . the matroid of L.

sturmfels , Ardila-Klivans (early 2000s (



Grassmannians

G rk(d,n) = Ed-dim , linear subspaces of K
"3

(a) - 1
Plucker embedding : Gr

,
(d
,n) Pr

For a dxn rankd matrix A
,
row (A) It (dxd minors

of A C
The zero pattern of the Plucker coordinates
the matroid of linear independence among
columns of A.

trop (Gr, (d,n) sees matroids representable
over K.



Log limits of families
1-2, 1)

+ +t x + x + y + Exy = 0
(- 1

,
0) (2,0)

y
+-a

t = 2 + = 5 + = 50



Tropicalizing without limits

Let K = CEEE3] = U D((E) field of
K>, 0 Puiseux series·

valuation v : K-> Rud-aeThink: t ->*
01 -X v = logt 3
-

series a -> largest exponent .
e. g. r(2024t5 - 7 +22E) =

For XCKY
, trop X := &(r(X1), · . .,v(xn)))x -X1(+)4z

K can be any
valued field

,
of arbitrary char.



For (x,y)-(K*)2 to be a solution of

1

+ +t x + x + y + Exy = 0,
S ·

·(-2, 1)
7

the highest degree terms
↑

must cancel, so maximum of (1,0)
: 12,0)

· I these W
V

must be
·. 2+ v(x) attained
· 2 r(x) 3 at least O

/

2

· v(y)
twice. #

·. z+ r(x) + v(y) 1 2 O



ExGrassmannian Gra (2,4) < -
- K

coordinates Piz , P,3/ Piy / P2z/Pzy/Pgy
are 2x2 minors

of 2x4 matrices [::
=

- & ]& -

Plucker relation : P2Psy - PisPzy + PyPzz = 0 .

Their valuations satisfy :

max (v(P,2) + v(Psn)) "(Ps) + V(P(y) , V(P,y)+ v(Pzz)
attained twice. ⑤

valuated matroids !



The matroid polytope of U2,4 E
A (2,4) 10 , 1 , 0, 1)

(1 , 1 , 0,%)
(1, 0, 0,1)

(0, 0, 1 , 1)

10, 1
,

1
,0)

11
,
0
,
1
,
0



max (v(P,2) + v(Psn)) "(Ps) + V(P(y) , V(P,y)+ v(Pzz)
attained twice.

12
12 12

24 14 24 14 24

23
14 F

13
23 13

23 13

34 34
34

The upper convex
hull gives a matroid subdivision

-talks of Joswig , Proudfoot

# (Pij) forms an M-concave function on vertices of

EM" for matroids) A(2,4)



Valuated matroid representability problem
over a field K :

which M-concave functions on A(r, n)

are in trop Gri (r,n) ?



Part II

Principal Minors (PM) S

Let A be an nxu matrix& S[[n].

As := det (principal submatrix S
indexed by S)

(tropical)
24

PM map : K
**
-> K2" trop

IR->

A1-(As)s[n] (r(As) Sean



Principal Minor Assignment Problem :
S

&

characterize the image of the PM map.
Find equations and inequalities among PMs.

For symmetric matrices over R or D,
this was solved by Oeding (2011) , based on

a conjecture of Holtz and sturmfels (2007).
Extended to arbitrary unique factorization
domains by Al Ahmadich & Vinzant (2021).



↑

t3
A = =

t t2
Example : B =]: B /7 It + +1 ti+t

t2 t+t t"+E+1
A = BTB is positive definite

S As r(As)
23= 6

. ·
D

& 1 O
V= 6

. ·
2=V13

1 ↳ O

2 t+ 1 2 ↳
⑤

0 = 112

3 to+ t+ 1 6 8 % = VI
12 1 O

13 t + 1 2
max(U1+ V23 , V2+Us , Vo + 5e2)

23 t2++#E+1 6
0 + 6 2 +26 + 0

123 1 8
is attained twice .



Our goal : Describe the tropicalization
of the image of positive definite (PD)
matrices under the PM map.

A symmetric matrix over R
is called positive (semi)definite

if all its principal minors are positive.
(nonnegative)



Stable Polynomials

Def . A polynomial f(x, X2, ..., Xn) with complex
coefficients is called table if for any

ze"

f(z) = 0 = Im(z) +(1>o)" .

· For univariate polynomials with R coeff,
stable = real rooted .

· stable -> Lorentzian/strongly log concave



Geometrically,
a real homogeneous
polynomial f is stable
iff every line in positive
direction meets the

hypersurface f = 0

only at real points.



-Lemma: If Ao is Hermitian and A , ..., An

are PSD
,
then det (Ao+ X , A , +... + XnAn)

is stablee.

Cor (follows from Matrix Tree Theorem)
-

The spanning tree generating function of 1
a graph is stable. z

⑨-

Ex. X
, X2xz + XzXgXy + X ,XzXy + X ,X2X4 .

3
-

Its Newton polytope is the matroid polytope
of the graphic
matroid

.



Theorem (Choe , Oxley , Sokal, Wagner, 2004)
The Newton polytope of a homogeneous
multiaffine stable polynomial is a
matroid base polytope, i .e ., a O/ polytope
with edges in directions ei-ej only



Not a matroid polytope
10 , 1 ,0, 1)

(1, 0, 0,1)
T

10, 1,
1
,0) (0, 0, 1 , 1)

The is no stable polynomial of
the form

ax2Xy + bx , xy + CXzxz
+ dxzxy , a , b ,c, d > 0



multivariateTheorem (Branden , 2010). X
The Newton polytope of a homogeneous stable
polynomial is a generalized permutohedron.



Branden : More generally :-
for a stable polynomial over REEt33.

30

the valuation of coefficients form

an MP-concave function on its

↑ edges//ei-e; or ei in the
support. 8 O

subdivision.
& &

10.
3 I ·

1

Do · O O ⑧ g
1 o
↳NOT M-concave M

M-Concarl



er-20
e2-e ·↑=
e

MB-concave
M-concave



Back to principal minors.
For
any square matrix A,

the coefficients of det A +1"x2 ...x))(
are principal minors of A.

&ecall : If Ao is Hermitian and A , ..., An

are PSD
,
then det (Ao+ X , A , +... + XnAn)

is stablee.



If A is PSD
,
then

det (A + [* ....x) is stable and has

nonnegative coefficients.

Branden =>> The tropicalization (valuation)
of principal minors of a PD
matrix forms an ME concave

function on 50 , 13".

I



&: Do we get all M-concave functions
this

way ?
A : No for large n , by dimension count

.

The principal minors have dim (11)
The MP-concave functions have

full dimension 2".

trop (PM(PD)) < MP concave < submodular
on 50, 132



Problem : (Tropical PM assignment (

Characterize M concave, functions arising as

tropical principal minors of PD matrices .

(Analogous
to valuated matroid Crepresentability problem.



↑

t3
A = =

t t2
Example : B =]: B /7 It + +1 ti+t

t2 t+t t"+E+1
A = BTB is positive definite

S As r(As)
23= 6

. ·
D

& 1 O
V= 6

. ·
2=V13

1 ↳ O

2 t+ 1 2 ↳
⑤

0 = 112

3 to+ t+ 1 6 8 % = VI
12 1 O

13 t + 1 2
max(U1+ V23 , V2+Us , Vo + 5e2)

23 t2++#E+1 6
0 + 6 2 +26 + 0

123 1 8
is attained twice .



The hidden tropical Grassmannian

B = % 1 -1 generic U =
- 1 1 2

[
t +

3

& (random) ↳ 3 5 7 I
00 1 -421

Then the valuations of Plicker words of [UBII]
are :

123 + 0 1451 0 2451-1
124 + 0 1461- 0 2461-1 What do
1251- 0 15610 34513 you notice?
12610 2341-3 346143
13411 2351-3 35613
135 +- 1 2361-3 45670
13611



valuations of Plicker cords valuations of

PM of A = BIB

of 3x6 matrix [UBII] S As r(As)
1 O

123 + 0 1451 0 2451-1 I ↳ O

124 + 0 1461- 0 2461-1 2
t+ 1 2

1251- 0 15610 34513 to+ t+ 1 6

13411 2351-3 35613 I 13 t + 1 2

12610 2341-3 346143 12 1 O

135 +- 1 2361-3 45678
23 to-25+++ ++1 6

13611 123 1 8

A T
What do you notice ?



Main Theorem (ARVY' 2024)
&

trop (PM (PD nxn matrices)) ·

=> a linear slice of[trop Gr(n , 2n) &
IR

=> tropical complete flag variety 1 submodular
IR come

& slice with linear subspace L=M()
V

S

P(c) =p(p) if c1(u] = De(n]
,
for <,D + ((23)

&

An analogous statement holds for PD Hermitian matrices.



Representability of M-concave functions

For M-concave functions on 50, 13 "
three notions of representability coincide :
1. principal minors of PD be of

mayindependent2. slice of trop Gr/n,2n) < t↓ interes
3. submodular part of trop Fl(n)



Remark

The tropical principal minors of
PD matrices satisfy tropical
Grassman-Plucker equations,
although the principal minors do

not satisfy equations of this form.



Lifting Inequalities. (1 ,2)

Ex. S = unit circle centered at (1 ,2) [Y
(x -1)2+ (y - 2) 2 -1 10,09
x - 2x + yz - 4y + 440

↓ [ top
max (2v(x) , 2 v(y) , 0) > max(v(x),V(y)) [ ( - 1

,
-2)

- -

val of positive terms val of negative terms. I
· trop S satisfies : y > max(2x , 2)

-
=

D &

Does this come from a usual inequality
of the form Ay > BX + CE2 ?

A
,
B
,
C > O

val = 0



Yes ! Let B = C = 1 .

Map S -> PREEt33 , (x,y) >
x2+t

+

Y
The image is a semialgebraic subset
of RE5t33
,

with valuation O
,
so it

satisfies XXA for some A70,
valo .

Lifting Lemma (Tell-Scheiderer-Y
.,
2019)

Every tropical inequality valid on trop (s)

can be lifted to a usual inequality valid on S.
i .e . trop (S) sees all monomial supports of inegs on S.



Lifting MP-concavity inequalities
a : 30, 13"-> R is MP-concave => 23 123

13

max (a+ + 923 , az + 93 , @g+912) is
3

1
1

↓ 2

attained twice. =>
& -1

max (a1 + 923 , az+ 913) >93 +912 , and
max (a1 + a 23 , an + 923) > a2 + 913/ and

max (a2 + 913 , az+ 912) > an + 923.

Lifting Lemma=> there are inequalities
? A , Aza +? Artis ? AsAz

X# positive real numbers



Proposition (ARVY)
The principal minors of a 3x3 PD matrix

satisfy :

(c+ 1) A , Azz + c(c +1) AzA ,3 cAsAi

for any real number c.

They generalize to larger matrices & mirrors,
and to coefficients of stable and Lorentzian

polynomials.



Summary

Tropicalization of varieties and
semialgebraic sets reveal

· combinatorial structures S
matroidal structures

· monomial supports of inequalities
#

* Principal minors of PD matrices have
a matroidal & a hidden trop . Grassmannianstructure.

* 3 types of representability agree
for MB- concave functions on 50, 15


