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Favourite formulas for the Macdonald polynomial Pλ(q, t)

Pλ(q, qt) =
Aλ+δ(q, t)
Aδ(q, t)

Aμ(q, t) = ∑
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(−t− 1
2 )ℓ(w)TwEμ(q, t)
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Favourite formulas for the Macdonald polynomial Pλ(q, t) Pλ(q, qt) =
Aλ+δ(q, t)
Aδ(q, t)

Aμ(q, t) = ∑
w∈Sn

(−t− 1
2 )ℓ(w)TwEμ(q, t) ∂i = (1 + si)

1
xi − xi+1

E(0,0,…,0) = 1,

The electronic Macdonald polynomial  is recursively determined byEμ(q, t)

E(μn+1,μ1,…,μn−1) = qμnx1Eμ(x2, …, xn, q−1x1),

Esiμ = (∂ixi − txi∂i +
(1 − t)qμi−μi+1tvμ(i)−vμ(i+1)

1 − qμi−μi+1tvμ(i)−vμ(i+1) )Eμ, if .μi > μi+1
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Can you do type B?
Here Macdonald has something interesting to say.

Which type B?

Because, as Macdonald worked out in his 1972 paper on affine root systems,

there are 9 different type Bs.

A diagram showing these is given on the next slide.



The poset of root systems 
of classical type



Cohomology



The cohomology of a symmetric product of a curve 𝚺 of genus g 

Σ(n) = Σn/Sn, where w ⋅ (p1, …, pn) = (pw−1(1), …, pw−1(n)),

Σ =

    is      folded up symmetricallyΣ(n) = Σn/Sn Σn



The cohomology of a symmetric product of a curve 𝚺 of genus g 

Cohomology

Spaces Graded rings



The cohomology of a symmetric product of a curve 𝚺 of genus g 

Cohomology

Spaces Graded rings



The cohomology of a symmetric product of a curve 𝚺 of genus g 

Σ =
  is  

folded up symmetrically
Σ(n) = Σn/Sn Σn

Cohomology

Spaces Graded rings



The cohomology of a symmetric product of a curve 𝚺 of genus g 

Cohomology

Spaces Graded rings



The cohomology of a symmetric product of a curve 𝚺 of genus g 

The cohomology ring H*(Σ(n), ℤ) is the ℤ-algebra presented by generators

ξ1, …, ξg, ξ′￼1, …, ξ′￼g, η and relations

Cohomology

Spaces Graded rings



The cohomology of a symmetric product of a curve 𝚺 of genus g 

The cohomology ring H*(Σ(n), ℤ) is the ℤ-algebra presented by generators

ξ1, …, ξg, ξ′￼1, …, ξ′￼g, η and relations



The cohomology of a symmetric product of a curve 𝚺 of genus g 

The cohomology ring H*(Σ(n), ℤ) is the ℤ-algebra presented by generators

ξ1, …, ξg, ξ′￼1, …, ξ′￼g, η and relations

ξjξj = − ξjξi, ξ′￼iξ′￼j = − ξ′￼jξ′￼i, ξiξ′￼j = − ξ′￼jξi, ξiη = ηξi, ξ′￼iη = ηξ′￼i,

ξi1⋯ξiaξ′￼j1⋯ξ′￼jb(ξk1
ξ′￼k1

− η)⋯(ξkc
ξ′￼kc

− η)ηq = 0.

if a, b, c, q ∈ ℤ≥0 and a + b + 2c + q = n + 1 and i1, …, ia, j1, …, jb, k1, …, kc

are distinct elements of {1,…, g}



Weil conjectures



The Weil conjectures for a symmetric product of a curve 𝚺 of genus g 

The zeta function  of an algebraic variety Z(t) X

is an exponential generating function for the number of points of  over X 𝔽qn



The Weil conjectures for a symmetric product of a curve 𝚺 of genus g 

The zeta function  of an algebraic variety Z(t) X

is an exponential generating function for the number of points of  over X 𝔽qn

d
dt

log Z(t) = ∑
n∈ℤ>0

Card(X(𝔽qn)) tn−1 .



The Weil conjectures for a symmetric product of a curve 𝚺 of genus g 

The zeta function  of an algebraic variety Z(t) X

is an exponential generating function for the number of points of  over X 𝔽qn

d
dt

log Z(t) = ∑
n∈ℤ>0

Card(X(𝔽qn)) tn−1 .

Z1(t) =
(1 − ρ1t)⋯(1 − ρ2gt)

(1 − t)(1 − qt)

Let  be a curve of genus  and assume that  are such that Σ g ρ1, …, ρ2g ∈ ℂ

is the zeta function of .Σ



The Weil conjectures for a symmetric product of a curve 𝚺 of genus g 

Z1(t) =
(1 − ρ1t)⋯(1 − ρ2gt)

(1 − t)(1 − qt)

Assume that  are such that ρ1, …, ρ2g ∈ ℂ

is the zeta function of .Σ

Let           andϕ0(t) = 1 − t

ϕk(t) = ∏
1≤i1<⋯<ik≤2g

(1 − ρi1⋯ρikt), for .k ∈ {1,…, g}



The Weil conjectures for a symmetric product of a curve 𝚺 of genus g 

Z1(t) =
(1 − ρ1t)⋯(1 − ρ2gt)

(1 − t)(1 − qt)

Assume that  are such that ρ1, …, ρ2g ∈ ℂ

is the zeta function of .Σ

Let           andϕ0(t) = 1 − t

ϕk(t) = ∏
1≤i1<⋯<ik≤2g

(1 − ρi1⋯ρikt), for .k ∈ {1,…, g}

Fk(t) = {
ϕk(t)ϕk−2(t)ϕk−4(t)⋯, if k ∈ {1,…, n},
F2n−k(qk−nt), if k ∈ {n + 1,…,2n},

Then let
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Z1(t) =
(1 − ρ1t)⋯(1 − ρ2gt)

(1 − t)(1 − qt)
ϕk(t) = ∏

1≤i1<⋯<ik≤2g

(1 − ρi1⋯ρikt),

Fk(t) = {
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The Weil conjectures for a symmetric product of a curve 𝚺 of genus g 

The Weil conjectures hold for .  More specificallyΣ(n)

(a) The Zeta function for  isΣ(n) Zn(t) =
F1(t)F3(t)⋯F2n−1(t)
F0(t)F2(t)⋯F2n(t)

all roots of   have absolute value in            Zn(t) {q− 1
2 ⋅0, q− 1

2 ⋅1, q− 1
2 ⋅2, …, q− 1

2 ⋅2n} .

(b) The Riemann hypothesis for  holds:Σ(n)

(c) The functional equation for  is:Zn(t)

Zn( 1
qnt ) = (−q− 1

2 nt)(−1)n(2g − 2
n )Zn(t) .
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Circles and lines 

Each triple of lines in a 4-line  determines a Clifford circle, 

giving the circles . 

These four circles intersect in a point .

{ℓ1, ℓ2, ℓ3, ℓ4}
c1, c2, c3, c4

W

The point  is the Clifford point of the 4-line.W



Circles and lines 

Each 4-tuple of lines in a 5-line  

 determines a Clifford point, 
giving the points . 

These five points lie on a circle .

{ℓ1, ℓ2, ℓ3, ℓ4, ℓ5}

p1, p2, p3, p4, p5

C

The circle  is the Clifford circle of the 5-line.C
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ℓi = {z ∈ ℂ | z̄ = ti(z − yi)}, where ti =
−yi

yi
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Let  be an n-line.ℒ = {ℓ1, …, ℓn}

ck(ℒ) =
p1tn−1−k

1

g1(ℒ)
+

p2tn−1−k
2

g2(ℒ)
+ ⋯ +

pntn−1−k
n

gn(ℒ)
,

gj(ℒ) = (tj − t1)(tj − t2)⋯(tj − tj−1)(tj − tj+1)(tj − tj+2)⋯(tj − tn) .

Let
where



Circles and lines: Macdonald’s general formulation 

ℓi = {z ∈ ℂ | z̄ = ti(z − yi)}, where ti =
−yi

yi
.

Case n even: .   Each ( )-subset of the n-line determines a Clifford circle, 
and these n Clifford circles intersect in a unique point .

n = 2k n − 1
p(ℒ)

Let  be given bya1, …, ak−1 ∈ ℂ

a1
a2
⋮

ak−1

=
c2(ℒ) ⋯ ck(ℒ)

⋮ ⋮
ck(ℒ) ⋯ c2k−2(ℒ)

−1 −c1(ℒ)
−c2(ℒ)

⋮
−ck−1(ℒ)

.

p(ℒ) = c0(ℒ) + a1c1(ℒ) + a2c2(ℒ) + ⋯ + ak−1ck−1(ℒ) is the Clifford point.

Then

ℒ = {ℓ1, …, ℓn} with



Circles and lines: Macdonald’s general formulation 

Case n odd: +1.   Each ( )-subset of the n-line determines a Clifford 
pont, and these n Clifford points lie on a unique circle , given by

n = 2k n − 1
C(ℒ)

C(ℒ) = {A(ℒ) − θB(ℒ) | θ ∈ U1(ℂ)},

A(ℒ) =

det

c0(ℒ) ⋯ ck−1(ℒ)
c1(ℒ) ⋯ ck(ℒ)

⋮ ⋮
ck−1(ℒ) ⋯ c2k−2(ℒ)

det
c2(ℒ) ⋯ ck(ℒ)

⋮ ⋮
ck(ℒ) ⋯ c2k−2(ℒ)

where U1(ℂ) = {θ ∈ ℂ | θθ̄ = 1},

B(ℒ) =

det
c1(ℒ) ⋯ ck(ℒ)

⋮ ⋮
ck(ℒ) ⋯ c2k−1(ℒ)

det
c2(ℒ) ⋯ ck(ℒ)

⋮ ⋮
ck(ℒ) ⋯ c2k−2(ℒ)

.and
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V. Kac, Infinite dimensional Lie algebras 
Cambridge University Press, 1982
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I.G. Macdonald as translator: Bourbaki

Bourbaki, General Topology Part I 1966

Bourbaki, Theory of Sets 1968

Bourbaki, Commutative Algebra 1972

Bourbaki, Algebra 1974

Bourbaki, General Topology Part II 1966



I.G. Macdonald as translator: Bourbaki

Bourbaki, General Topology Part I 1966, vii+437 pp.

Bourbaki, Theory of Sets 1968, viii+414 pp.

Bourbaki, Commutative Algebra 1972, xxiv+625 pp.

Bourbaki, Algebra 1974, xxiii+709 pp.

Bourbaki, General Topology Part II 1966, iv+363 pp.



I.G. Macdonald as translator: Dieudonné

Dieudonné, Foundations of Modern Analysis 1960 and 1969

Dieudonné, Treatise on Analysis Vol. II 1970 and 1976

Dieudonné, Treatise on Analysis Vol. III 1972

Dieudonné, Treatise on Analysis Vol. IV 1974

Dieudonné, Treatise on Analysis Vol. V 1977

Dieudonné, Treatise on Analysis Vol. VI 1978

Dieudonné, A panorama of pure mathematics 1982



I.G. Macdonald as translator: Dieudonné

Dieudonné, Foundations of Modern Analysis 1960 and 1969, xiv+361 pp.

Dieudonné, Treatise on Analysis Vol. II 1970 and 1976, xviii+387 pp.

Dieudonné, Treatise on Analysis Vol. III 1972, xvii+388 pp.

Dieudonné, Treatise on Analysis Vol. IV 1974, xiv+444 pp.

Dieudonné, Treatise on Analysis Vol. V 1977, xii+243 pp.

Dieudonné, Treatise on Analysis Vol. VI 1978, xi+239 pp.

Dieudonné, A panorama of pure mathematics 1982, x+289 pp.



For students



I.G. Macdonald for my students
Every once in a while, not infrequently, a student comes by my office and says  
“I'd like to learn about Lie groups,  
do you have a reference that you can recommend?”  

I usually find myself saying, “How about the notes of Macdonald?”

Algebraic structure of Lie groups, Cambridge University Press, 1980. 

https://doi.org/10.1017/CBO9780511662683.005

https://doi.org/10.1017/CBO9780511662683.005


I.G. Macdonald for my students
Every once in a while, not infrequently, a student comes by my office and says  
“I'd like to learn about  algebraic groups,  
do you have a reference that you can recommend?”  

I usually find myself saying, “How about the notes of Macdonald?”

Linear algebraic groups,  in Lectures on Lie Groups and Lie Algebras,  

Cambridge University Press 1995. https://doi.org/10.1017/CBO9781139172882

https://doi.org/10.1017/CBO9781139172882
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Every once in a while, not infrequently, a student comes by my office and says  
“I'd like to learn about  reflection groups,  
do you have a reference that you can recommend?”  

I usually find myself saying, “How about the notes of Macdonald?”

Reflection groups, unpublished notes 1991. 

Available at http://math.soimeme.org/~arunram/resources.html

http://math.soimeme.org/~arunram/resources.html


I.G. Macdonald for my students
Every once in a while, not infrequently, a student comes by my office and says  
“I'd like to learn about  algebraic geometry,  
do you have a reference that you can recommend?”  

I usually find myself saying, “How about the notes of Macdonald?”

Algebraic Geometry - Introduction to schemes,  

published by W.A. Benjamin 1968. 

Available at http://math.soimeme.org/~arunram/resources.html

http://math.soimeme.org/~arunram/resources.html


I.G. Macdonald for my students
Every once in a while, not infrequently, a student comes by my office and says  
“I'd like to learn about  Haar measure, spherical functions and harmonic analysis,  
do you have a reference that you can recommend?”  

I usually find myself saying, “How about the book of Macdonald?”

Spherical functions on a group of p-adic type,  

University of Madras 1971. 

Available at http://math.soimeme.org/~arunram/resources.html

http://math.soimeme.org/~arunram/resources.html


I.G. Macdonald for my students
Every once in a while, not infrequently, a student comes by my office and says  
“I'd like to learn about Kac-Moody Lie algebras,  
do you have a reference that you can recommend?”  

I usually find myself saying, “How about the notes of Macdonald?”

Kac-Moody Lie algebras, unpublished notes 1983. 

Available at http://math.soimeme.org/~arunram/resources.html

http://math.soimeme.org/~arunram/resources.html


I.G. Macdonald for my students
Every once in a while, not infrequently, a student comes by my office and says  
“I'd like to learn about flag varieties and Schubert varieties,  
do you have a reference that you can recommend?”  

I usually find myself saying, “How about the notes of Macdonald?”

Notes on Schubert polynomials: Appendix: Schubert varieties. 

Published by LACIM 1991, 

available at http://math.soimeme.org/~arunram/resources.html

http://math.soimeme.org/~arunram/resources.html
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I.G. Macdonald as an author of books

“If you see a gap in the literature, write a book to fill it.”— I.G. Macdonald 

Atiyah-Macdonald, Introduction to commutative algebra 1969

Spherical functions on a group of p-adic type 1971

Symmetric functions and Hall polynomials First Edition 1979

Kac-Moody Lie algebras: unpublished notes 1983

Hypergeometric functions: unpublished notes 1987

Reflection groups: unpublished notes 1991



I.G. Macdonald as an author of books

“If you see a gap in the literature, write a book to fill it.”— I.G. Macdonald 

Atiyah-Macdonald, Introduction to commutative algebra 1969
Spherical functions on a group of p-adic type 1971
Symmetric functions and Hall polynomials First Edition 1979
Kac-Moody Lie algebras: unpublished notes 1983
Hypergeometric functions: unpublished notes 1987
Reflection groups: unpublished notes 1991
Schubert polynomials 1991
Symmetric functions and Hall polynomials Second Edition 1995
Linear algebraic groups: in Lectures on Lie groups and Lie algebras 1995
Affine Hecke algebras and orthogonal polynomials 2003



The first book: Algebraic Geometry - Introduction to Schemes 1968



“One starts out in life trying to do 
something else,  

and winds up doing combinatorics.”




