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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

A=AnA, ), > > 0, M+ X+ =n. [ for A= (4,2,1) 7.
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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

[]
)\:()\1,)\2,...), AM2>X >0, A1 +X+--=n [] forA:(4,2,1)F7.

13
Standard Young Tableaux of shape \: [3[4] [3]5] [2]4] [2]5] [2]5]
5] [4] 4] [3]
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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

)\:()\1,)\2,...), A1>X >0, M1 +X4--=n. ||

Standard Young Tableaux of shape A: 13[4] [3]5]
5] [4]

[]
for A\ = (4,2,1) - 7.

173] [1]3] [1]4]
4] [2]5] [2]5]
4 3

The irreducible representations of the symmetric group S,: the Specht modules Sy

Basis indexed by SYTs of shape X,

Greta Panova



Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

[1]
)\:()\1,)\2,...), AM2>X2>0, i +X+--=n[]] forA:(4,2,1)F7.

[1[3
Standard Young Tableaux of shape A: 1314] [315] [2]4] [2]5] [2]5]
4] 3]

The irreducible representations of the symmetric group S,: the Specht modules Sy
Basis indexed by SYTs of shape X,

[oN]H]

Irreducible (polynomial) representations of the General Linear group GLy(C):
Weyl modules Vy, indexed by highest weights A, £(\) < N.
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Partitions, SYTs and the Symmetric group

Integer partitions and Young diagrams:

[1]
)\:()\1,)\2,...), AM2>X2>0, i +X+--=n[]] forA:(4,2,1)F7.

[1[3
Standard Young Tableaux of shape A: 1314] [315] [2]4] [2]5] [2]5]
4] 3]

The irreducible representations of the symmetric group S,: the Specht modules Sy
Basis indexed by SYTs of shape X,

[oN]H]

Irreducible (polynomial) representations of the General Linear group GLy(C):
Weyl modules Vy, indexed by highest weights A, £(\) < N.

Schur functions: characters of V)

5(2,2) (X17X2,X3 = X1X2 +X1X3 +X2X3 +X1X2X3 +X1X2X3 +X1x2x3
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Structure constants

et
Va@ V=@,V

Littlewood-Richardson coefficients: ClA/u
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Structure constants

Va @ V= @, Ve

Littlewood-Richardson coefficients: ClA/u

sx(x)su(x) = Z cXpusu(x
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Structure constants
Va @ V= @, Vi

Littlewood-Richardson coefficients: C/\u

sx(x)su(x) = Z cXpusu(x

Theorem (Littlewood-Richardson, stated 1934, proven 1970's)
The coefficient CKH is equal to the number of LR tableaux of shape v/u and type \.

%I]I](LR tableaux of shape (6,4,3)/(3,1) and

(6,4,3)

] 2] -
23] [1[3] type (4,3,2)- ¢(31j(a3,2 = 2)
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Structure constants

Va @ V= @, Vi

Littlewood-Richardson coefficients: C/\u

sx(x)su(x) = Z cXpusu(x

Theorem (Littlewood-Richardson, stated 1934, proven 1970's)
The coefficient CKH is equal to the number of LR tableaux of shape v/u and type \.

- = %I]I](LR tableaux of shape (6,4, 3)/(3,1) and
(6,4,3) o
213] 113] type (4,3,2)- s = 2)

Kronecker coefficients: g (\, i1, v) — multiplicity of S, in Sy ® S,

SA ® Sy, = @anS?g(AVM'V)

su(x.y) =D g\ 1, )s5u(x)sx(y)

Hyv

Greta Panova



Structure constants

V@V, = @, Vi

Littlewood-Richardson coefficients: C/\u

sx(x)su(x) = Z cXpusu(x

Theorem (Littlewood-Richardson, stated 1934, proven 1970's)
The coefficient CKH is equal to the number of LR tableaux of shape v/u and type \.

- = %I]I](LR tableaux of shape (6,4, 3)/(3,1) and
(6,4,3) o
213] 113] type (4,3,2)- s = 2)

Kronecker coefficients: g (\, i1, v) — multiplicity of S, in Sy ® S,

SA ® Sy, = @anSIGJDg(AVM'V)

su(x.y) =D g\ 1, )s5u(x)sx(y)

Hyv

[Murnaghan, 1938] Cﬁ\u = g((N - |>‘|7>‘)7(N - ‘M‘nu')7 (N - |V‘,V)) for
Al = |p| + |v| and N-large.
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Open problems

Problem[Murnaghan 1938]: Determine way to compute the Kronecker coefficients.
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Open problems

Problem[Murnaghan 1938]: Determine way to compute the Kronecker coefficients.

[Lascoux, Garsia-Remmel 1980s]: some approaches
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Open problems

Problem[Murnaghan 1938]: Determine way to compute the Kronecker coefficients.

[Lascoux, Garsia-Remmel 1980s]: some approaches

Positivity Problems and Conjectures
in Algebraic Combinatorics

Richard P. Stanley!
Department of Mathematics 2-375
Massachusetts Institute of Technology
Cambridge, MA 02139

version of 24 September 1999

Problem 10. Find a combinatorial interpretation of the *Kronecker product
coe flicients " gy, thereby combinatorially reproving that they are nonnega-
tive.
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Open problems

Problem[Murnaghan 1938]: Determine way to compute the Kronecker coefficients.

[Lascoux, Garsia-Remmel 1980s]: some approaches

Positivity Problems and Conjectures
in Algebraic Combinatorics

Richard P. Stanley!
Department of Mathematic ik
Massachusetts Institute of Technology
Cambridge, MA 02139

version of 24 September 1999

Problem 10. Find a combinatorial interpretation of the “Kronecker product
coe flicients " gy, thereby combinatorially reproving that they are nonnega-
tive.

[Mulmuley-Sohoni 2000’s]: conjectures of importance to Geometric Complexity
Theory (VP vs VNP )
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Open problems

Problem[Murnaghan 1938]: Determine way to compute the Kronecker coefficients.

[Lascoux, Garsia-Remmel 1980s]: some approaches

Positivity Problems and Conjectures
in Algebraic Combinatorics

Richard P. Stanley!

Department of Mathematic :

Massachusetts Institute of T(lllllulwh'\
Cambridge, MA 02139

version of 24 September 1999

Problem 10. Find a combinatorial interpretation of the “Kronecker product
coe flicients " gy, thereby combinatorially reproving that they are nonnega-
tive.

[Mulmuley-Sohoni 2000’s]: conjectures of importance to Geometric Complexity
Theory (VP vs VNP )

@' 4‘
%

r’a

Any answers: known only for very, very special cases...
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The reduced Kronecker coefficients

V/\ ® Vp, = Dy Vur C:\’// S)\ ® Sp, = @US?E(NHJ’)

gla, B,7v) = nimoo g(a[n]MB[n]v’Y[n])’ aln] := (n —|al, o1, 02,...), n 2> |a| + o,
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The reduced Kronecker coefficients

V/\ ® Vp, = Dy Vur C:\’// S)\ ® Sp, = @US?E(NHJ’)

gla, B,7v) = nimoo g(a[n]MB[n]v’Y[n])’ aln] := (n —|al, o1, 02,...), n 2> |a| + o,

g(a, B,7) = ¢, for Ja| = (8] + ]l
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The reduced Kronecker coefficients

V/\ ® Vp, =V G S)\ ® Sp, = @US?E(/\J%V)

gla, B,7v) = nimoo g(a[n]MB[n]v’Y[n])’ aln] := (n —|al, o1, 02,...), n 2> |a| + o,

g(a, B,7) = ¢, for Ja| = (8] + ]l

Kirillov: g are the “extended Littlewood-Richardson coefficients”.
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The reduced Kronecker coefficients

V/\ ® Vu =V X S)\ ® Sp, = @US?E(/\MM-I')

E(O‘»ﬁ:')/) = nimoo g(a[n]MB[n]v’Y[n])’ a[n] = (n - |a|,a1,a2, .- ')7 nz Ial + o,

g(a, B,7) = ¢, for Ja| = (8] + ]l

Kirillov: g are the “extended Littlewood-Richardson coefficients”.

Problem [Kirillov, 2004]: Find a combinatorial interpretation for the reduced
Kronecker coefficients.
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The reduced Kronecker coefficients

V)\ ® V/.L =Sy VU%C/\// S)\ ® Sp, = @US?g(A’H’U)

gla, B,7v) = nimoo g(a[n]MB[n]v’Y[n])» aln] := (n —|al, o1, 02,...), n 2> |a| + o,

g, 8,7) = ¢, for |af = [B] + 1,

Kirillov: g are the “extended Littlewood-Richardson coefficients”.

Problem [Kirillov, 2004]: Find a combinatorial interpretation for the reduced
Kronecker coefficients.

Some combinatorial interpretations: [Ballantine—Orellana], [Colmenarejo—Rosas];
Properties and computation: [Briand—Orellana—Rosas], [Murnaghan],[Kirilov],
[Klyachko]; Partition algebra: [Bowman—De Vischer—Orellana]; As structure constants:
[Orellana—Zabrocki].
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The reduced Kronecker coefficients

V)\ ® V;L =Sy VU%C)W S)\ ® SH = @usxejag()\’“’y)

gla, B,7v) = nimoo g(a[n]MB[n]v’Y[n])» aln] := (n —|al, o1, 02,...), n 2> |a| + o,

g, 8,7) = ¢, for |af = [B] + 1,

Kirillov: g are the “extended Littlewood-Richardson coefficients”.

Problem [Kirillov, 2004]: Find a combinatorial interpretation for the reduced
Kronecker coefficients.

Some combinatorial interpretations: [Ballantine—Orellana], [Colmenarejo—Rosas];
Properties and computation: [Briand—Orellana—Rosas], [Murnaghan],[Kirilov],
[Klyachko]; Partition algebra: [Bowman—De Vischer—Orellana]; As structure constants:
[Orellana—Zabrocki].

Littlewood-Richardson reduced Kronecker Kronecker
| |

1 H T

“nice” “ugh”

Greta Panova



Kronecker g = reduced Kronecker g

Theorem (lkenmeyer-Panova, 2023)

For every A\, u,v = n we have

g\ pv) = E(Vf(k) T+, Vf(#) _— Vf(A)Jrl(H) Uv)

(o ) -« . . [
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Kronecker g = reduced Kronecker g

Theorem (lkenmeyer-Panova, 2023)

For every A\, u,v = n we have

g0 1, 0) = BN 4, 20 4y VW) )

(B e) -« .

Corollaries:
® Deciding positivity of reduced Kroneckers is NP-hard.
® Computing the reduced Kroneckers is #P-hard. [Pak-Panova'2020]
® Saturation fails [Pak-Panova'2020]

Greta Panova



Kronecker g = reduced Kronecker g

Theorem (lkenmeyer-Panova, 2023)

For every A\, u,v = n we have

g iy v) = gAY 4 A i) g EITE) )

(o ) -« . . [

Corollaries:
® Deciding positivity of reduced Kroneckers is NP-hard.
® Computing the reduced Kroneckers is #P-hard. [Pak-Panova'2020]
® Saturation fails [Pak-Panova'2020]

reduced Kronecker
Littlewood-Richardson Kronecker
| |

1 I

“Nice” “ugh”
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Constructive identities

Lemma
Let X\, u, v be partitions with £(X\) < I, £(n) < m. Then

g\ v) = g(m' + X, 1" 4 p, U 40).

R . R
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Constructive identities

Lemma
Let A\, u,v be partitions with £(\) < I, £(n) < m. Then

g\ v) = g(m' + X, 1" 4 p, U 40).

e . R

Let o = 1/ 4 1. Variables x1,...,x¢ and yi, ..., ym:
solx -yl =D g(?,0,7)sa(x)sr(v).
0,1

sobe-yl = sube ] vy = Ga-oox) ™0 oym)' 3 (s pim)sp(x)sn(y)

M4+ Y15 ¥Ym) = Y1---Ym) Su » Ol AN\ XLy - X)) = XL - X A .
simy (v ym) = (1 ym)'su(y), Sppa(x x1) = (x1...x)™sx(x)
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Constructive identities

Lemma
Let A, p1, v be partitions with £(X) < I, £(u) < m. Then

g v) = g(m' + X 1" +p, 1" +v).

e . R

Lemma
Let X, p, v be partitions of the same size, and let | > £(\), m > ¢(u) and ¢ > vy. Let
d=(m+1)c, e=(I+1)c. Then

gOmv) = g((d)U( + ). (U™ +p), ™ Uw).

-
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Constructive identities

Lemma
Let A\, p,v be partitions with £(\) < I, £(n) < m. Then

g pv) = g(m + X 1" +p, UM +v).
Lemma

Let X\, p, v be partitions of the same size, and let | > £(\), m > ¢(u) and ¢ > v1. Let
d=(m+1)c, e=(I+1)c. Then

gOmv) = g((d)U( + ), (U™ +p), ™ Uw).

-

Theorem (lkenmeyer-P)

Let A\, p, v be partitions of the same size, such that A1 > £(p) - v1 and p1 > €(X) - v1.
Then for every h > 0 we have

g pwv)=g(A+h, p+h v4h).
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Point configurations in 3d aka 3d binary contingency arrays
QC N3,
2d marginals:

Qs =20 ¢ Qijok Quin =20 & Qjiik Quwi 7= 20, 4 Qi

C(e, 8,7) = {Q C N?| Qius = j, Quin =B, Qusi = for every i}.
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Point configurations in 3d aka 3d binary contingency arrays

QC N3,
2d marginals:

Qs =20 ¢ Qijok Quin =20 & Qjiik Quwi 7= 20, 4 Qi

C(e, 8,7) = {Q C N?| Qius = j, Quin =B, Qusi = for every i}.
Lemma:
a, B,y — compositions with |a| = |B] = |v|.

a = la), b := £(B), c+ h > £(r) and
Yise¥i < hoon>bc+h, B >ac+h.

Then, for every Q € C(a, 8,7) we have
{1} x [b] x [] € Q,[a] x {1} x [c] € Q,

{1} x {1} x[c+ h C Q,
QN(NXNx[c+1, c+h]) = {1} x{1} x[c+1, c+h].
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Point configurations in 3d aka 3d binary contingency arrays

QC N3,
2d marginals:

Qs =20 ¢ Qijok Quin =20 & Qjiik Quwi 7= 20, 4 Qi

C(e, 8,7) = {Q C N?| Qius = j, Quin =B, Qusi = for every i}.
Lemma:
a, B,y — compositions with |a| = |B] = |v|.

a = la), b := £(B), c+ h > £(r) and
Yise¥i < hoon>bc+h, B >ac+h.

Then, for every Q € C(a, 8,7) we have
{1} x [b] x [] € Q,[a] x {1} x [c] € Q,

{1} x {1} x[c+ h C Q,
QN(NXNx[c+1, c+h]) = {1} x{1} x[c+1, c+h].

Cla,8,7) #0 = vyi=1forallc+1<i<c+h, and a1 = bc+ h, f1 = ac+ h,
ap < bc, and 3> < ac.
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Kronecker coefficients via 3d binary contingency arrays

S~ e B,7)sa(x)sa(y)sy (2) = [T(1 + xivj20),

B,y irsk

gla, 8,7) = > sgn(o) sgn() sgn(p) Ca+o —id, B+ —id, 7 +p—id).
€S, mESH, PESy,
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Kronecker coefficients via 3d binary contingency arrays

S~ e B,7)sa(x)sa(y)sy (2) = [T(1 + xivj20),

B,y irsk

gla, 8,7) = > sgn(o) sgn() sgn(p) Ca+o —id, B+ —id, 7 +p—id).
€S, mESH, PESy,

If c:=wv1, M1 > bcand pg > ac = g(\, i, v) =g(AN+h, p+h, v+ h)?
(y=v+h)
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Kronecker coefficients via 3d binary contingency arrays

3 (e B )sa()ss(0)s, (2) = [T (1 +xy520),

o, B,y ik

gla, 8,7) = > sgn(o) sgn() sgn(p) Ca+o —id, B+ —id, 7 +p—id).
€S, mESH, PESy,

If c:=wv1, M1 > bcand pg > ac = g(\, i, v) =g(AN+h, p+h, v+ h)?

(y=v+h)
Qs = ZQl,j,k=A1+al_12bC+h,
ok
Qi1 = ZQ;,l,k:M1+W1*1235+h,
ik
Qusk = > Qijk=1l+pi—k fork=c+1,...,c+h

)
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Kronecker coefficients via 3d binary contingency arrays

3 (e B )sa()ss(0)s, (2) = [T (1 +xy520),

o, B,y ik

gla, 8,7) = > sgn(o) sgn() sgn(p) Ca+o —id, B+ —id, 7 +p—id).
€S, mESH, PESy,

If c:=wv1, M1 > bcand pg > ac = g(\, i, v) =g(AN+h, p+h, v+ h)?

(y=v+h)
Qs = Z QL,',/( =A1+01—12>bc+ h,
ok
Qi1 = ZQi,l,k:m +m —12>ac+h,
ik
Qusk = ZQ;,j,k=1+pk—k, fork=c+1,...,c+h.
i
cth c+h c+h
S Quk = h+ > = > k<h,
k=c+1 k=c+1 k=c+1
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Kronecker coefficients via 3d binary contingency arrays

3 (e B )sa()ss(0)s, (2) = [T (1 +xy520),

o, B,y ik

gla, 8,7) = > sgn(o) sgn() sgn(p) Ca+o —id, B+ —id, 7 +p—id).
€S, mESH, PESy,

If c:=wv1, M1 > bcand pg > ac = g(\, i, v) =g(AN+h, p+h, v+ h)?

(y=v+h)
Qs = Z QL,',/( =A1+01—12>bc+ h,
ok
Qi1 = ZQi,l,k:m +m —12>ac+h,
ik
Qusk = ZQ;,j,k=1+pk—k, fork=c+1,...,c+h.
i
cth c+h c+h
S Quk = h+ > = > k<h,
k=c+1 k=c+1 k=c+1

Lemma = Qix = bc+ h, Qu«=ac+h,p=p,(c+1),...,(c+h)forpeSc
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Kronecker coefficients via 3d binary contingency arrays

2 glasBmsal)sa(y)sy (2) = [T+ xi20),

o, B,y ik

gla, 8,7) = > sgn(o) sgn() sgn(p) Ca+o —id, B+ —id, 7 +p—id).
€S, mESH, PESy,

If c:=wv1, M1 > bcand pg > ac = g(\, i, v) =g(AN+h, p+h, v+ h)?

(y=v+h)
Quex = Z Q1,,’,k =A1+01—12>bc+ h,
ok
Qi1 = ZQi,l,k:m +m —12>ac+h,
Qusk = ZQ;,j,k=1+pk—k, fork=c+1,...,c+h.
i
cth c+h c+h
ST Qe = h+ > = > k<h,
k=c+1 k=c+1 k=c+1

Lemma = Qix = bc+ h, Qu«=ac+h,p=p,(c+1),...,(c+h)forpeSc

gA+h p+hv+h)= Zaesa,rresb,pesﬁ;, sgn(o)sgn(m)sgn(p) C(a+o —id,B+ 7 —id,y + p — id)
@ B8 !

= Eaesa,wesb,nesc sgn(o) sgn(m)sgn(n) C(A+ o —id, p+ 7 — id,v' +n — id) = g(\, p, v),
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Via the General Linear group

GL, X GLp x GL¢'s irreducible representations are Vo, ® Vg ® V5

#(0,8,7) = dim (HWVa 3, A (€ € 5.09)).
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Via the General Linear group
GL, X GLp x GL¢'s irreducible representations are Vo, ® Vg ® V5
D
g(o, 8,7') = dim (HWVa,m/\ (C*ecte CC)) ,
Raising operators £ = {(Ej_1,i,0,0),(0, Ei_1,;,0),(0,0,Ei_1;)|i =2,...}, eg.
(Ei,j,0,0)er,1,1 = ei,1,1 iff r = j and O otherwise, where €;; « 1= & ® ¢ ® €.

A highest weight vector (HWV) of weight (o, 3,7) is

u= Z cpep, Nepy, A--- sit. Eu=0VE €&
PeC(e,B,7)
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Via the General Linear group

GL, X GLp x GL¢'s irreducible representations are Vo, ® Vg ® V5
D
g(a, 8,7) = dim (HWVa,m/\ (c*®cte c")) ;

Raising operators £ = {(Ej_1,i,0,0),(0, Ei_1,;,0),(0,0,Ei_1;)|i =2,...}, eg.
(Ei,j,0,0)er,1,1 = ei,1,1 iff r = j and O otherwise, where €;; « 1= & ® ¢ ® €.

A highest weight vector (HWV) of weight (o, 3,7) is

u= Z cpep, Nepy, A--- sit. Eu=0VE €&
PeC(e,B,7)

t:=e11Ne11Nep2terr1Nez21Ne12+ter11Ne12 €021
is a HWV of weight ((2,1),(2,1),(2,1)) in A3(C?2 ® C2 ® C2?):
(E12,0,0)t =ej11ANep1Aer1o+eriiANeri2Aerp1 =0,

(0, E12,0)
(0,0, E12)

t=e11/Ne11ANet12+e11ANe12Ne11 =0,
t=e11Ne11ANe1p1+e 11 Nep1ANe11=0.
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Via the General Linear group

GL, X GLp x GL¢'s irreducible representations are Vo, ® Vg ® V5

g(a, 8,7) = dim (HWVa,ﬁ,w/\D(Ca ®C’® CC)) ;

Raising operators £ = {(Ej_1,i,0,0),(0, Ei_1,;,0),(0,0,Ei_1;)|i =2,...}, eg.

(Ei,j,0,0)er,1,1 = ei,1,1 iff r = j and O otherwise, where €;; « 1= & ® ¢ ® €.
A highest weight vector (HWV) of weight (o, 3,7) is

u= Z cpep, Nepy, A--- sit. Eu=0VE €&
PeC(e,B,7)

D D+h
@ /\ (Ca ® Cb ® CC) N /\ (Ca ® Cb ® Cc+h)
v = VvAerlcriNerlc+2 N AN€l1,cth

Claim: ¢ is an isomorphism HWV, , . HWV/~\ 5
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Via the General Linear group

GL, X GLp x GL¢'s irreducible representations are Vo, ® Vg ® V5

g(a, 8,7) = dim (HWVa,ﬁ,w/\D(Ca ®C’® c")) ;

Raising operators £ = {(Ej_1,i,0,0),(0, Ei_1,;,0),(0,0,Ei_1;)|i =2,...}, eg.
(Ei,j,0,0)er,1,1 = ei,1,1 iff r = j and O otherwise, where €;; « 1= & ® ¢ ® €.
A highest weight vector (HWV) of weight (o, 3,7) is

u= Z cpep, Nepy, A--- sit. Eu=0VE €&
PeC(e,B,7)

D D+h
@ /\ (Ca ® Cb ® CC) N /\ (Ca ® Cb ® Cc+h)
v = VvAerlcriNerlc+2 N AN€l1,cth

Claim: ¢ is an isomorphism HWV, , . HWV/~\ 5

If w=73"5ageq, Aeq, - € HWVx 4.5 Where Q ec(\ i, 7).
3d binary CTs Lemma: {1} x {1} x [c+1,c+ h] C Q and
QN(NXxNx{i})={(1,1,)}forallc+1<i<c+h, so

w=uANer1,cr1 N - ANeycqn for u € HWV, .

Greta Panova 10



Using multi-Littlewood-Richardson coefficients

Setp=pu+h A=NU@")=OA+h) and > =1/ U(1") = (v+h)

gh+hputhvrh)= 3 sg(o) > o ch

Cola?...

0EScih altDi—ito;
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Using multi-Littlewood-Richardson coefficients

Setp=pu+h A=NU@")=OA+h) and > =1/ U(1h) = (v+h)

gA+hp+hv+h)= Z sgn(o) Z C§102,4,Cﬁ1 2.

[e0ye]
TEScih albD—ito;
Ci\la2A~ 1= (55,541542 - ) = # certain SSYTs of type (el Ua?U...UaU...
shape A:
1[I]1[1]4]4]6] 1[1]1[1]4]4]6]
2[2]2]4]5]7] and 2[2[2]4[6]6]
3[5]5]6 3[5[5]5[7

multi-LR tableaux of shape A = (7,6,5) and types a! = (4,3,1), o® = (3,3),
a® = (3,1).
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Using multi-Littlewood-Richardson coefficients
Setp=pu+h A=NU@")=OA+h) and > =1/ U(1h) = (v+h)

gA+hp+hv+h) = Z sgn(o) Z Cilazmcﬁl 2.

[e0ye]
TEScih albD—ito;
C«i\la{m 1= (55,541542 - ) = # certain SSYTs of type (el Ua?U...UaU...
shape A:
1[I]1[1]4]4]6] 1[1]1[1]4]4]6]
2[2]2]4]5]7] and 2[2[2]4[6]6]
3[5]5]6 3[5[5]5[7

multi-LR tableaux of shape A = (7,6,5) and types a! = (4,3,1), o® = (3,3),

a® = (3,1).
= o C f, of X, soZ(ai)SZ(u):b, oci <A =a
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Using multi-Littlewood-Richardson coefficients
Setp=pu+h A=NU@")=OA+h) and > =1/ U(1") = (v+h)

gA+hp+hv+h) = Z sgn(o) Z Ci‘lazmcﬁl 2.

[e0ye]
oEScih alkDj—ito;
C«i\la{m = (S5,541542 - -) = # certain SSYTs of type (clUc?U...UaU..
shape A:
1[ITI]1[4]4]6] 1[ITI]1]4]4]6]
2[2[2]4]5]7] and 2[2[2]4]6]6]
315[5[6 3[5[5[5[7
multi-LR tableaux of shape A = (7,6,5) and types a! = (4,3,1), a® = (3,3),
a® = (3,1).
= a Cp o CXsol(al)<é(p)=b,al <A =a
c+h
hS@(ac+1)+~~-+f(ac+h)§ ‘ac+1‘+“.+|ac+h|: Z 1—i+c7,- S h,
i=c+1
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Using multi-Littlewood-Richardson coefficients
Setp=pu+h A=NU@")=OA+h) and > =1/ U(1h) = (v+h)

gA+hp+hv+h) = Z sgn(o) Z Ci‘lazmcﬁl 2.

[e0ye]
oEScih alkDj—ito;
C«i\la{m = (S5,541542 " - -) = # certain SSYTs of type (clUc?U...UaU..
shape A:
1[ITI]1[4]4]6] 1[ITI]1]4]4]6]
2[2[2]4]5]7] and 2[2[2]4]6]6]
315[5[6 3[5[5[5[7
multi-LR tableaux of shape A = (7,6,5) and types a! = (4,3,1), o® = (3,3),
a® = (3,1).
= a Cp o CXsol(al)<é(p)=b, al <A =a
c+h
hS@(ac+1)+~~-+f(ac+h)§ ‘ac+1‘+“.+|ac+h|: Z 1—i+c7,- S h,
i=c+1

a4+ ot = b, f(a) = |o].
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Using multi-Littlewood-Richardson coefficients
Setp=pu+h A=NU@")=OA+h) and > =1/ U(1") = (v+h)

gX+hu+hvth)= > sgn(o) D chuge.ch
TEScth altdi—ito;
a4+ [at] = h,t(a’) = |o].
ol C(A+h),soal<a o Cp Multi-LR of type (al Ua? ) shape fi, so

c+h

ac+ h= 1<Za1<2a+ Z ozl

i=c+1

:>ac+1+~~-+af+h2h- = of = (1) for all i > c and o; = i for
i=c+1,...,c+h.
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Using multi-Littlewood-Richardson coefficients

Set i=p+h A=NU(1")=(A+h) and D=2/ U(1h) = (v+ h)

gA+hp+hv+h)= Z sgn(o) Z Cilaz...cgmz...

OEScyh alkpi—ito;

[t 4+ [a ) = b f(a)) = |o].
al C(A+h), soal <a of Cp. Multi-LR of type (ol Ua?- ) shape fi, so

c+h
ac+h—,u1<Zoz1<Za+ Z al.
i=1 i=c+1
= a4 tafth > h = of = (1) forall i > c and o; = i for

i=c+1,...,c+ h

N ’
C>\ CAL'

_ Iz — M
ala2...qcth = €4 and ¢ , acth = €

-ac ala?... al..act

gh+hput+hv+h= > sg(o) D che.ch

oEScih alkoi—ito;

=D sen(o) D e =8 N m) =g(h ),

o€Sc altv!—ito;
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Vielen Dank fur lhre Aufmerksamkeit!
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