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The symmetric group

4+ The symmetric group S, .
Sagan’s book
4+ Arepresentation is a homomorphism: p : S, — GL,.

4+ The irreducible representations S* are indexed by partitions of 7 .

4+ The module, S “is spanned by standard tableaux of shape A. L26) | 12G) |(.2.5)
2 PRI Bl Sl N Il
S 1]3 1]2
)((2,1) o) 0 —1
4+ The character of a representation: trace(p(o)),foroc € S,. ol i i

+ Restriction of representations: Resi’;;"é S¥ = @ (S* ® SH)Cin
Ak, ut-m

k=6, m=5. The representation S®*!) ® S©2) occurs 3 times in the

restriction of S©>%1) from S toS¢ X Ss. 2 2 1
5 1 >




The General Linear Group

4+ The general linear group GL, = GL, (C) is the group of invertible n X n matrices.
4+ Arepresentation is a homomorphism: p : GL, — GL, .
4+ Forany g € GL,, p(g)is an m X m matrix.

4+ Irreducible polynomial representation are indexed by partitions /4 with at most 7 parts: V&

2

h a 2ab  b?
V() li l — |ac ad+ bc bd
¢ 2cd d?
4+ The module, V%is spanned by semistandard tableaux of shape A with entriesin {1,...,n}.
8
T = |7]18]9
3|15]|6]|7
11313(414|5
V) in GL, has basis L] [1]2] [2]2

V@ in GL; has basis (1] [112] [113] [2]2] [2]3] [3]3




The General Linear Group

4+ The character of a representation: trace(p(g)), forg € GL,.

4+ The characters of the polynomial irreducible representations of GL, are of
Schur functions (Schur polynomials).
Schur Functions: SA(X) — Z x! SSYT “semistandard Young tableaux”
T € SSYT(A)
8
A1=(643,1) TIT= g g g . x! = xlxngxszx6x72x§x9
1{3|3|14|4|5

The character of the GL, representation V% is S(2) (X1, Xp) = xlz + X%, + x22

Ll (12 (D2

+ Computing characters of elements:

If g = [i‘l fl] has eigenvalues ¢, and 0,, then trace(p'“)(g)) = S0}, 0,) = 07 + 0,0, + 05 .



Characters and symmetric functions

Polynomial Symmetric
Representation of GL, | Functions
“formal (universal) character”
Representation Character
\//1 S1(X[s.eer X))
A A¢
Sym'V® - ® Sym™V (X, ..., X,)
/\/11 VR - X /\/IKV
e, (X1, ... X))
A H ~ U C/iﬂ
\/‘X’\/:@(\/) S/ISMZZC/I{’MSU
U
U

C‘/l{ y are the Littlewood-Richarson coeffs.

Same as for restriction of S, -representations.



Plethysm - composing characters

GL, representation: p : GL, — GL,
GL,, representation: 7: GL,, — GL,

Then the composition is a representation of GL .

top:GL, — GL,

We call the character of the composition: plethysm.

If fand ¢ are symmetric functions, then the plethysm is denoted by /| 2] .

Example: S(z)(xl,xz) — X12 —+ X

1(1

S(z) [S(z)(xla XZ)] — S2(x12’ X1X25 xzz)

X + X7
112] [2]2
4
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S(z)(xl, X2, X3) — Xlz + XIX2 + XIX3 + X22 + XZ.X3 + X32
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Plethysm Problem

— > —_—

i Problem Flnd a comblnatorlal mterpretatlon for the coefﬁments az/1 E Z>o in the

expansion
‘ SA[S,M] — Z a/l,,u %

O LD T DI cde G T PSD G B Lo O0-an TR B P SRR ITS ae B Lo g ama
=7 - Sl =47 = = A2t

Very few special cases are known:
Carre and Leclerc: Sz[sﬂ] and S1,1[S,,t]

COSSZ: s,[s,] when 4 - 3.
Howe: s,[s | complicated expressions for the coefficients.

Littlewood (see Macdonal page 138): s,[s,], s,[s1 {1, s7[s,] and sy.[s] {1-
Bowman, Paget, Wildon - stable coefficients in s[n](s[m]).
Remark: A solution for s, [ s, | would help prove Foulkes’ Conjecture: Forn > m

Sn[Sm] — Sm[Sn] is Schur-positive.

Subproblem: We are interested in the plethysm s[5 |.
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Restriction to the symmetric group

4+ The symmetric group as the group of permutation matrices is a subgroup of GL .
GL,

S c GL, J

S

The Restrlctlon Problem leen an wreducuble representatlon of GL d)p'
‘lt as a representation of S, . ‘

Res V' = @(gﬂ)%

Example: ResGL4\/ (2) (g(@)GB D (g (3, 1))69 DS 2
4

Littlewood, Buttler and King, Narayanan, Paul, Prasad and Srivastava ‘22



Restricting Characters

4+ Every character of GL, is a character of S .

Restrict the representation V%) of GL; to S..

S(z)(.xl, .XZ, .X3) — .x12 + .XIX2 + .XI.X3 + .x22 + XZ.X3 + x32

Permutation
matrix for each
conjugacy class:

Eigenvalues

1
0
0
1

1,1

5,(1,1,1) = 6

0
1
0
1,—-1,1

— —

s(1,—1,1) =2

O = O

0
0
1

o O -

1,§,&7

The decomposition for s,,(x;, X, X3) as an 53 character is

(DH(2)3)

(1,2)(3)

(1,2,3)

AT =1 ]
)((2,1) o) 0 —1
| 1 |1

<620>=2<1,1,1 >

S2(19§9 52) =0

2<20,—-1>



Restricting Characters - Symmetric Functions

4+ Zabrocki and | introduced a new basis of symmetric functions : {5, : A a partition } such

that if Eﬂ are the eigenvalues of permutation matrices, we have
o (= — (n_ ‘a‘ 9a)
Sa(:‘ﬂ) T )( (//t)

§()(X19 x29 .X3) — 1 S:l(.xl,xZ, X3) — .xl + XZ + X2 — 1
51,1(x1,x2, X3) = X1X) + XX+ XX — X — X — X3+ 1

pr— pr—  e— | —

o O =

0 0 0 1 0 Bl ]
f 0l 11T oa1l 1180
0 1 b4 a 4 1.0
Eigenvalues: 1.1.1 l,—-1,1

1,§,&7

El(lalal) — 2 51(19 T 191) =0 51(1959 52) =—1

(DH2)3) | (1,2)(3) |(1,2,3)
DT -1 1
%(2,1) o) 0 —1

A 1|1
restriction

/‘ coefficient

4+ Using this basis, the restriction problem is reformulated as: 5; = Z r,l,/,p%

M



Restricting Characters - Symmetric Functions

Theorem: [O - Zabrocki]

h, = Z M, 3,
A

where MM is the number of semi standard multiset filled tableaux of shape (1, 1)/4,
and content .

Example: If y = (2,1) the entries are multisets of 1,1,2.

2 9 91 12
111] [1]1 112 112] [112 1 11 1
2 1 1

1112

1 2 1 2 12 11 112
111121 11120 1112 [12 1(2 111 12 11 1 2

ho1 = 48. + 781 + 3511 + 482 + 821 + 83 .

+ Recall: /1, is the character of Sym"'V @ --- @ Sym"’V.



Plethysm and Restriction

Resgf"\/ﬂ - @(gﬂ)w
U

Littlewood ‘1950s and reformulated by Scharf and Thibon

Theorem: V,W — <S,1, S/,,[l + 31 + 59 + 573 + ]>

Subproblem: We are interested in the plethysm s[5 |.



See-saw pairs

Let A, A,, B;, B, be groups/algebras such that B, C A, B, C A,. All acting on the same vector space W.

A
\ / 2 A, = Endg (W)
/W\ B, = Endy (W)
5] 5]

If (A,,B;)and (A, B,) are centralizer pairs then

Vil = @( )mw and Bzvj‘fz = @(Vg’z)mw



Restricting Characters - See-saw approach
GL, 2

\ / By Schur-Weyl duality (GL, S,)

Ok is a centralizer pair

S/ \S

Think of S, C GL, as the subgroup of permutation matrices acting diagonally on

-V RV - QVv)=0viQ®0c»Q - oV,

Ve

what commutes with this action?

o G g D |
1990s: Jones and Martin
¥ o d o e~

{{1,3,1,2},{2,4},{4,6,3,6},{5,7},{7,8,9,5,8,9}}




Partition Algebra

+ For any positive integer k, let [k] = {1,....,k} and [k] = {1, ..., k)
4+ The partition algebra, P,(n) has
Basis: set partitions of [k] U [k]

0 O & O 6 6 O 6
k=90 X {{1,2,42,5}),{3},{5,6,7,3,4,6,7}, {8,8}, {1}}
O G @ B 66 6 ® 6

Product: o—=o o
dd = - . A o —o o

+ The partition algebra, P,(n) has anidentity 1 = {{1,1}, ..., {k,k}} and it has
dimension equal B(2k), the Bell number.

4+ Halverson-Ram, Halverson, Jacobson-Halverson, etc.



P,(n) and §, form a centralizer pair

The partition algebra is not always semisimple, but in the cases when it is semisimple,
we have

VI(J”(;‘)’IM) - The irreducible representations are indexed by partitions A such that
k

Irreducible have bases consisting of standard tableau where entries are sets .

(4,2) _ 3 2 1
VP3(6)_Spa"{12 1113 1213 » 123 ' 123 ' 2113 }

Jones 1994 - (P,(n), $,) form a centralizer pair



Our see-saw pair

n - S
J\ P J Res‘;f( )V;,‘k(n) ~ 5 ($H)™
Sn

A
Res "V = P (s
M

Idea: To solve the restriction problem, solve the restriction of P (1) to S,



An approach for restriction

U, the uniform block permutation algebra.

special cases of plethysm generalized LR coefficients

Why U, "7 Itis smaller and has a rich structure.

01 2 3 4 5 6
dmP,(n)) 1 2 15 877 21,147 678570 27.644.437

dmU) 1 1 3 16 131 1496 22,482

Goal: Give a combinatorial construction of representations of U, using tableaux.



Uniform Block permutations

Tanabe and Kosuda: Centralizer algebra for complex reflection groups. “Party Algebra”
Elements: Uniform set partitions

A set partition d = {d,,d,, ..., d,} of [k] U (k] is uniform if ld-nN[k]| =|dn [k] | for all

1 <i<. — . :
U, .= {d F [k] U [k] IS uniform}
({1,3,1,2},{2.4}, {4,6,3, 6} {5,7},{7,8,9.5,8,9}}
S e
YT Y
Product:

T A 7

No parameter!

¢ o ¢ v

Note: U, is a monoid algebra.



ldempotents and 7 -classes

Idempotents: For each 7 F [k], we define an idempotent

e. ={AUA:A € n}

€{{2).(7}.{14}.(3.6).(5.89}} —

L |

O . S,

?_A_A

& o

& b g%

Theset E(U,) = {e,: m - [k]} is a complete set of idempotents.

¥ — classes: Foreach A - k and 7 | [k] of type A the set : J

5 9 %

This idempotent has
A=3,2,2,1,1)

= {oe,t:0,TES, |

J(BF{K} Yy = {>I< I I I >§< X I I X X}
- NI L K IR R E D

Note: U, is the union of ¥ — classes.



Uniform block permutations

U, is semisimple and its irreducible representations are indexed by

k
= {(/\(1), \o) e /\(k)) - AU) are partitions such that Z i) = k}
i=1

I3 =1{((3),0,0),((2,1),0,0),((1,1,1),0,0),((1), (1),0), (,0, (1)) }

A uniform tableau 1" = (T(l), el T(k)) of shape /f € [, is a tableau where each T is filled with
blocks of size i and the blocks in 7 form a set partition of [k].

The irreducible representations of U, :

ng = span {T IS a uniform tableau of shape A }

Vi =span{( 1], 23),(2, 13),(3, 12)}




Characters for UBP

Explicit formulas for the characters!

Theorem: [0SSZ] For 4, weEl,a=|29,1=1%2%, k%) and G, = 5g, X =+ XS,
=Y biyi(d)
vel:|v?W|=aq;
Example: Letu=(-,(1,1),-,-), sothatl=(2.2)

X&( >< ><> =x’§,~,\( ﬁ ﬁ)wﬁxé( m)

Note: Coefficients are always integers. We found and explicit formula for b-. .

—1

U




Connection to plethysm

Our problem: We want to compute: U,
Uy 4
Res 'V,

S

Defined a Frobenius map and connected to symmetric functions.

_ e : U/ _
Theorem: Multiplicity of S* in ResSkaUk is (s)0[s11s,008] - 5,wlsel, s,) = ar,

-

fA=(-,..., .l ) where Ais in m"” position:

(s,[s,.1, S, > = aﬁ(m)

Question: How do we do the restriction/induction so that we get new information?



Submonoids of UBP

We are interested in the submonoids of U, that contain 5, and how they are related.

Proposition: Every submonoid of U, containing S, is the union of ¥ — classes.

Theorem: The set {M mohnoid such that Sk cCMCU k} with order C is a distributive lattice.

caampie. i - {152}, =K 111 % X 11X 3K
k=3 J<2,1>={Ir:;7f:11:1‘i>;2112‘;4>1<12‘<>1<111}

Monoids : S3 — J(l,l,l) C (S3 U ](3)) C (S3 U ](3) U J(Z,l)) — Uk

Number of submonoids:

k||1]2|3|4|(5 |6 | 7] 8 9 10 11 12 13 14
neg (1123 6]10 |31 |63 287 | 1099 | 8640 | 62658 | 1546891 | 29789119 | 2525655957

/N

N \®
—| W |—]

N ek

) ——




A new order on partitions

Definition: A, u - k, then 11 < / if there are set partitions o
7Ty, 71, ..., Ty = | k] of type A with join, V ... V 7, of type 1 .

14/23 {1/234 124/3 |[13/24 1123/4 134/2 -12/34

Example: (2,1,1)\ \ NAAAA
(2,2) (3,1) A=(2,1) mﬁzﬂm 12’3/.4 1/2./34
\ / PR
(4) ®
Poset: (Park\{(lk)}, < ) 1/2/3/4
Theorem: Every monoid M C U, containing S, is of the form: Example: "
M = Sk U Ujﬂ where / is an order ideal of (Park\{(lk)}, < ) /59\
uel s
.
Theorem: A, u € Part,\ {(1¥)}. Then 3
u=<Ai Iff uis coarser than A and SP_(u) > SP_ (1). ;




Final Remarks

New combinatorics:

2111
1496

|

311,221

/

9

e

2,1,1,1)

7\

21111
22482
3111, 2211
17082
2211 321, 3111, 222
14682 8982

f

/////’

1

e

(2,2,1) 3.1,1)
(3.2) 4,1)

221 32,311
696 446
E |
41, 32 311
246 346
B

32 41
221 146
N
d
121
|
0
120

N,

)

411,321,222 3111, 222 321,3111
6582 5382 7632
321,222 411, 33,222 411,321 42,3111
‘fiii:></,///””’ 2982 5232 1032
51,33,222 321 411,222 42,411, 33 3111
2532 ‘\\\\\j:gizii:f*(://’ 2782 1632 3807
33,222 51,222 51,42, 33 42,411 411,33
2496 2332 1182 1432 1407
222 42,33 51,42 51,33 411
2296 1146 982 957 1207

bl

42 33 51
946 921 757
721

S




Final Remarks

Interesting connections: Partitions in box w X /1, symmetric chain decompositions
correspond to the plethysm: Sw[ Sh(x, V)] = Z

L
vy, (hy>v

For v partitions with at most two parts. y ;
A
1 . \
_]/ ae BE// N
o\ Lod e
@Bl e
! | 1] T REE . am
| X X | .
[T T
L @ sEEE R @3
\ \ Nl
m H \ = E
\ X
; \

Faulstich, Sturmfels, and Sverrisdottir - connections of UBP to algebraic varieties.
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