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Pipedream Fomin Stanley Lenard Sottile
PD generating function Bruhat Chain
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Schubert Polynomial Gw

Define di on polynomials di f ˢ

do Xix Xix Xxi
1 2 d X X2 D













































Schubert Polynomial Gw

Define di on polynomials d f ˢ

d XP x2
Xix Xix

1 2 d X X2 D
X1 X2

For wesn define Gw

If No n n 1 2 1

Gw Xian I

di Gw
0 if wlil wcitis
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Schubert Polynomial Examples
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Running Example

62143 X 4 Nixa 4 Vix










































Pipedream PD Bergeron
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Bumpless Pipedreams BPD Lam Lee Shimozono

Fyfree tetanyn

n
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K chain

Suppose W E Wtij A k chain isWe may label

w wtij w we was wa

where is k j

E.g 2114332413 3412

is a 2 chain

32143 34123 3421
is a 3 chain



Increasing k chain

A k chain is increasing
Fact For u and w

exists at most one

if the smaller number increasing k chain from
being swapped is increasing u to w for each k

E g 21433 2413 3412

is an increasing 2 chain

32143 34123 3421
isn't an increasing 3 chain



PD to Bruhat Chains Lenard Sodile
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Bijection between PDs and BPDs

Gao Huang

Hard
2 1 34 3 Éf
1 1 2 33

Knutson Udell

t
t

I

Thm Knudson Udell The two bijections agree



BPD to Bruhat Chains

1 1 1

2 2
me
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3 mean 3 3
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d
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2143 2341 2431
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2143,2341 2431,4321
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r r r r What is this



BPD to Bruhat Chains

I
so

rurr

so

r r r no r no

2143 2341 2431 4321

Thm Y

This is a bijection from BPD w to

Ui Ua Un Sid Ui W Un Wo and

there's an inc n k chain from Uk to Ukr

2143 2341 2431 4321



BPD to Bruhat Chains

3

r r r r

that

r r r r
E

r r r r r r r r
d

2143 2341 2431 4321

To find the increasing k chain
Look at in row k but ignore the last such tile

2431 Is 3421 4321

2341 2431

2143 2341



Bruhat Chain formula n it such rules

FACT Fix Desna we Sn Gw is the sum

over all Ua Ua Un 5 Ui W Un Wo and
there's an increasing 8 i chain from Ui to Win

e.g 8 213 w 2143

2143 3412 4312 4321 XI

2143 2413 4312 4321 XIX

2143 2431 4321 4321 XsXs



Why the formulas hold

Cor Sottile Fix a w e Sn ki.kz In 1

The of chains
inc Ki

y inc.kz
WU

length a length b

is the same as the of chains
inc.kz

y
in c K

swU
length b length a

Find a bijection



Pipedream PD

If r Lenard Sottile

8 1,2
s Brahat Chains

132 312 321
Gao Huang a
Knudson

Udell

I 43
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Bumpless
Pipedream BPD



New bijection between PDs and BPDs

ine I ine 2 ine 3 inc 4
31542 51432 54312 54312 54321

for INT
PD IDEA

Can we swap
two chains

BPD
Inhumation

31542 32541 32541 35421 54321
ine 4 ine ine 2 ine I



Lenard's Growth Diagram
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Lenard's Growth Diagram

NOT an inc 2 chain

ions 1
Even if two 2 2

2341 2431 3421
input chains are a noose a

3 three 3
inc output 2143 8teedd.atdsa12
chains might not 2 2
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New bijection between PDs and BPDs

Prop Y

Lenart's growth diagram gives us a

bijection between

inc k inc I
U

length a length b
w S

ine 1
y

inc k
U

length b length a
w

if w kei w Kez



New bijection between PDs and BPD

BPD w w

wt w

IN
All start with 5

was Wo

w two

PD
Is this the same as

Gao Huang bijections



to min anley

1 X.ua x 1 X Ui 1 XU

I Wall

1 1 X.ua x 1 X Ui 1 XU

1 X X2 Ualls 0
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Fomin Stanley

G 14 X Us 14X Ma 14 X Ui It Xalla 14 243 14 X Us

s To prove

Itf

Gw Eden
WE P

Observation

G WIP
It is enough to

hoof
over all pipedreams G Esn Gw W
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