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Definition of Bruhat intervals

Let (W,S) be a Coxeter system, equipped with a length funcion ¢ and a
partial order < (the Bruhat order):

@ For w € W, write

W=5%--S, S5 €S.

If k is minimal, we define {(w) = k and we say that s;sp--- s is a
reduced expression of w.

o We say that u < w if each reduced expression of w has a
subexpression which is a reduced expression of w.
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Definition of Bruhat intervals

Let (W,S) be a Coxeter system, equipped with a length funcion ¢ and a
partial order < (the Bruhat order):

@ For w € W, write
W=5%--S, S5 €S.

If k is minimal, we define {(w) = k and we say that s;sp--- s is a
reduced expression of w.

o We say that u < w if each reduced expression of w has a
subexpression which is a reduced expression of w.

Main problem: Compute the cardinalities of Bruhat intervals
[uw] ={ze W |u<z<w},
in particular of lower Bruhat intervals < w = [id, w].
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Some known results

o If {(w) —L(u) =2, then [u, w] =
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@ (Oh-Postnikov-Yoo, 2008): For smooth elements in the symmetric
group, | < w| is the number of chambers in the hyperplane
arrangement corresponding to all inversions of w.
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Some known results

o If {(w) —L(u) =2, then [u, w] =

@ (Oh-Postnikov-Yoo, 2008): For smooth elements in the symmetric
group, | < w| is the number of chambers in the hyperplane
arrangement corresponding to all inversions of w.

@ (Oh-Yoo, 2010): Generalization of the previous result for all (finite)
Weyl groups (for rationally smooth elements).

o (Libedinsky-Patimo, 2023) and (Batistelli-Bingham-Plaza, 2023): In
affine type Ay (B, respectively), explicit formula of all | < w|. Under
some parametrization of the group, these are polynomial formulas.
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The Lattice Formula (example in /32)
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The Lattice Formula (example in ;4V2)

PE(X

id

Damian de la Fuente 4/9



The Lattice Formula (example in /32)

o & = = DA 479
Damian de la Fuente 4/9



The Lattice Formula (example in /32)

o = = = DA 479
Damian de la Fuente 4/9



The Lattice Formula

Let ¢ be an irreducible root system with finite Weyl group W and affine
Weyl group W,. For a dominant coweight )\, we define

P®(\) := Conv(Ws - \).
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The Lattice Formula

Let ¢ be an irreducible root system with finite Weyl group W and affine
Weyl group W,. For a dominant coweight )\, we define

P®(\) := Conv(Ws - \).

Theorem: Lattice Formula

For every dominant coweight \, we have

Alcoves(< 0(X)) = |_| Alcoves(Ws) + p,
n

where 1 ranges over P®(\) N (A + ZoVY).

In particular,
| <OV = [WAIPP(A) N (A + ZoY)|.
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The Geometric Formula (example in Ay)
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The Geometric Formula (example in Ay)

| < O(N)| = pa2Area(Fr2) + pilength(Fr) + polength(F) + ppCard(Fy)
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The Geometric Formula (example in Ay)

| < O(N)| = paArea(Fi2) + palength(Fr) + polength(F2) + pgCard(Fy)
= p12V12(A) + pa Vi(A) + p2Va(A) + pg Vp(A)
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The Geometric Formula (example in Ay)

| < O(N)| = paArea(Fi2) + palength(Fr) + polength(F2) + pgCard(Fy)
= p12V12(A) + pa Vi(A) + p2Va(A) + pg Vp(A)

If A\ = (a, b) in the fundamental weight basis, then:

3
o Vio(a,b) = \g(az + 4ab + b?), pi2 =2v3
e Vi(a,b) = aVv/2, = gﬂ
9
° V@(a7b): 1¥ #0:6
Thus,

| < 60(a,b)| =3a° +3b°> + 12ab+9a+9b+ 6
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The Geometric Formula

Let ® be any irreducible root system and let S¢ be the set of simple
reflections of the finite Weyl group Wr.

Theorem: Geometric Formula
There exist unique real numbers ;ﬁj such that for any dominant coweight A,

[ <O =Y uFVPQ).
JCS¢

Important: The coefficients 1% do not depend on .
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The Geometric Formula

Let ® be any irreducible root system and let S¢ be the set of simple
reflections of the finite Weyl group Wr.

Theorem: Geometric Formula

There exist unique real numbers ;ﬁj such that for any dominant coweight A,

[ <O =Y uFVPQ).
JCS¢

Important: The coefficients 1% do not depend on .

If A= (mz,..., my) in the fundamental coweight basis, then the volumes
V$(X) are polynomials in my, ..., m,. (n=rank of ®)

Thus, the Geometric Formula implies that | < ()| is also a polynomial of
degree nin my,..., my,.
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The Geometric Formula (example in Ay)

| <O(N)| = p1,2Vi2(A) + pa Vi(X) + 2 Va(X) + g Vp(A)
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