On lattice path matroids subdivisions of the
permutahedron

Carolina Benedetti Velasquez
Universidad de los Andes

(1]

July 22nd 2024
FPSAC Bochum



Overview

IIIIAIIA’:‘




Lattice path matroids

p
A matroid M is a pair ([n], B) where () # B C 2" satisfies:
given A, Be B, ifac A\ Bthereisbe B\Ast. A—a+0beB.

\ J

o B: bases of M o rank of M: rjr = |A]




Lattice path matroids

.

p
A matroid M is a pair ([n], B) where () # B C 2" satisfies:

given A, Be B, ifac A\ Bthereisbe B\Ast. A—a+0beB.

J

o B: bases of M o rank of M: rjr = |A]

Lattice path matroids (LPMs) [Bonin, de Mier, Noy '02] [Stanley'76]



Lattice path matroids

\.

p
A matroid M is a pair ([n], B) where () # B C 2" satisfies:

given A, Be B, ifac A\ Bthereisbe B\Ast. A—a+0beB.

J

o B: bases of M o rank of M: rjr = |A]

Lattice path matroids (LPMs) [Bonin, de Mier, Noy '02] [Stanley'76]

n =19
’I“M:8



Lattice path matroids

\.

p
A matroid M is a pair ([n], B) where () # B C 2" satisfies:

given A, Be B, ifac A\ Bthereisbe B\Ast. A—a+0beB.

J

o B: bases of M o rank of M: rjr = |A]

Lattice path matroids (LPMs) [Bonin, de Mier, Noy '02] [Stanley'76]

=19
rar = 8 (11,8)



Lattice path matroids

\.

p
A matroid M is a pair ([n], B) where () # B C 2" satisfies:

given A, Be B, ifac A\ Bthereisbe B\Ast. A—a+0beB.

J

o B: bases of M o rank of M: rjr = |A]

Lattice path matroids (LPMs) [Bonin, de Mier, Noy '02] [Stanley'76]

n =19
’I“M:8



Lattice path matroids

p
A matroid M is a pair ([n], B) where () # B C 2" satisfies:
given A, Be B, ifac A\ Bthereisbe B\Ast. A—a+0beB.

J

o rank of M: rp; = |A]

.

o B: bases of M

Lattice path matroids (LPMs) [Bonin, de Mier, Noy '02] [Stanley'76]

n =19
19
18

’I“M:8
16

14
13
12

3 L




Lattice path matroids

p
A matroid M is a pair ([n], B) where () # B C 2" satisfies:
given A, Be B, ifac A\ Bthereisbe B\Ast. A—a+0beB.

J

o rank of M: rp; = |A]

\.

o B: bases of M

Lattice path matroids (LPMs) [Bonin, de Mier, Noy '02] [Stanley'76]

n =19
’I“M:8
16 1919
14 j18
13 16 n)]
11 14 B:{BE(8>:UénggL}
3 13 M = MU, L]
[ 12
5 3 L
4 [




Representable matroids

The (real) Grassmannian Gry ,,: consists of all k-dim v.s.V in R".
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The (real) Grassmannian Gry ,,: consists of all k-dim v.s.V in R".
o choose a basis {v1, -+ ,vg} for such V ~» A =

Uk~ kXn

o the set {1 € ([Z’]) : pr # 0} is the set of bases of a matroid M = My, .
We say the matrix A represents M.

s

A matroid M over [n] of rank k is representable (over R) if there is a
rank k matrix Ay, that represents it.

.
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Positroids

The non-negative Grassmannian Gr%% consists of all the Ay, € Gry 4, s.t.
pr >0 forall I € (7).

" Positroids [Postnikov'06] [Blum’01]

A matroid M is a positroid if it can be represented by a matrix A such
_ that p; > 0.

M :{13,14,23,24} M’ {12, 14,23, 34}
p12 >0
1 2 3 4 p13 >0 1 2 3 4 p1a>0:b>0
1 a 0 O p1a>0:b>0 1 0 a O pa3 >0:a <0
0 0 1 b p23 >0:a>0 {0 1 0 b p3s>0:a>0

p24 > 0

rep. matroid not positroid



Matroids vs. positroids

/

Given M = ([n], B) its matroid base polytope Py is )
Py :=conv{ep : B € B} C R" [GGMS'84]
where €EB :ZiEB €;. )



Matroid (base) polytope


Matroids vs. positroids

( A
Given M = ([n], B) its matroid base polytope Py is

Py :=conv{ep : B € B} C R" [GGMS'84]

where €EB — ZiEB €;.

J

o Uniform matroid Uy, ,, = ([n], (7))) is an LPM
o Hypersimplex Ay ,,: matroid polytope of Uy, 5,
o Every matroid M over [n] of rank k is such that Py C Ay .


Matroid (base) polytope


Matroids vs. positroids

r
Given M = ([n], B) its matroid base polytope Py is

Py :=conv{ep : B € B} C R" [GGMS'84]

where €EB — ZiEB €;.

o Uniform matroid Uy, ,, = ([n], (7))) is an LPM
o Hypersimplex Ay ,,: matroid polytope of Uy, 5,
o Every matroid M over [n] of rank k is such that Py C Ay .



Matroid (base) polytope


Matroids vs. positroids

r
Given M = ([n], B) its matroid base polytope Py is

Py :=conv{ep : B € B} C R" [GGMS'84]

where €EB — ZiEB €;.

o Uniform matroid Uy, ,, = ([n], (7))) is an LPM
o Hypersimplex Ay ,,: matroid polytope of Uy, 5,
o Every matroid M over [n] of rank k is such that Py C Ay .



Matroid (base) polytope


Matroids vs. positroids

r
Given M = ([n], B) its matroid base polytope Py is

Py :=conv{ep : B € B} C R" [GGMS'84]

where €EB — ZiEB €;.

o Uniform matroid Uy, ,, = ([n], (7))) is an LPM
o Hypersimplex Ay ,,: matroid polytope of Uy, 5,
o Every matroid M over [n] of rank k is such that Py C Ay .



Matroid (base) polytope


Matroids vs. positroids

i Given M = ([n], B) its matroid base polytope Py is )
Py :=conv{ep : B € B} C R" [GGMS'84]
where eg = . g ei. )
(Theorem |Gelfand, Goresky, Macpherson, Serganoval] A
Let P = conv{ep : B € B} be a 0/1-polytope. Then B is the collection of bases
of a matroid iff every edge of P has direction e; — ¢;.
\ J



Matroid (base) polytope


Matroids vs. positroids

i Given M = ([n], B) its matroid base polytope Py is )
Py :=conv{ep : B € B} C R" [GGMS'84]

where €B :ZiEB €. )

\

(Theorem |Gelfand, Goresky, Macpherson, Serganoval]

Let P = conv{ep : B € B} be a 0/1-polytope. Then B is the collection of bases
of a matroid iff every edge of P has direction e; — ¢;.

{Matroids} = {0/1 polytopes} N {gen. permutahedra}
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Positroid (base) polytope

Alcoved polytope: H-description consists of ¢;; < x; + 41 + -+ + x5 < by

é . : , e ) : )
Theorem [Ardila,Rincéon,Williams'16] [Lam, Postnikov]
{Positroids} = {Matroids} N {Alcoved}
y,
An application:
o LPMs are positroids: alcoved description by [Knauer Martlnez Ramirez '13]
Pu={FeR" [0<p <1and S\, L; <X p; < i, U forall i€ [n]}

o Alcoved pol. hace a canonical regular unimodular triangulation. [Lam, Postnikov]
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Combinatorics of positroids

®foreachi€ndefine <;:i<;1+1<;---<;n<;1<;---<;1—1
® Grassmann necklace of M: 7 = (I1,...,I,) where I; = min_ B
®*Envelope: P(Z) ={B: B >; I;,Vs}

olf B="P(Z) then M is a positroid

Example:

B(M)=1{13,14,23,24} ~ I = (13,23, 31, 41)
~s 7T 2143 Decorated permutation
permutation on [n] whose fixed

_ ~ points are decorated ¢ or 1.
o The set of decorated permutations on [n] is in bijection with positroids on [n].

Grassmann necklaces _ ,
Le-diagrams [POStnIkOV 06]

Eq. classes of plabic graphs...
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Flag matroids

Circuits:minimal dependent sets

1 2 3 4 5 6 7
1 0 1 O 1 1 1
/0 1 1 0 2 2 1 . {1346,2346,1246,1356,2356,
M o 0 0 1 1 2 1 C(M> " 1256,456,1345,2345,1245,123}
O 0 0 O 0 0 1
1 2 3 4 5 6 7
N - 1 0 1 0 1 1 1 C(N) . {4,123,135,235,125,136,236,126,56,
"\0 1 1 0 2 2 1 " 167,157,257,127,37}

Given matroids N, M over [n|, we say N is a quotient of M if every circuit
of M is union of circuits of N (denoted N <, M).
In this case the sequence (N, M) is a flag matroid.
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Flags of positroids vs LPFMs

JOP < T

L L] o I o

o Every max chain is a full flag of positroids: F': Uy, < M1 < -+ < Mp—1 < Up,n.
o Every M, is a point in Grkz,gb.

o Right: every F'is a point in the nonnegative (full) flag variety 20
JA € Gr%% such that

g —
( Z \ A; € GTZ.ZS represents M;
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Flag matroid polytope

Given a flag F': M1 < --- < M; its flag matroid polytope is
P(F) = PM1 ‘|‘""|‘PMj-
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Bruhat interval polytopes
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Bruhat interval polytopes

E[b H
T O | AH
R
m:I% 1
g 1. Orr - g g -
=N
o jj I I_
=L —p s

Bijective correspondence between (polytopes of) F' € FETZLO
and intervals in Bruhat,,.

 Theorem [B., Knauer'22] A

Every full LPFM F'is an interval in Bruhat,. Thus, F' corresponds to a point in FETZLO
\ J

[Williams et al.]




Regular subdivision:

Comes from a height vector on the vertices
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AV 5 Perm,,

Y

o Polytope of Uy ,,

Theorem: [Lukowski,Parisi,Williams'20] |

[n]
Let P = (Pj)s € ]R< k ) TFAE:
(i) The subdivision of Ag,, induced by
P is positroidal.

\(ii) P is a point in Tr=%Gry,,.
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[ Theorem: [Lukowski,Parisi,Williams'20] ‘! Theorem: [Joswig,Loho,Luber,Olarte’22] |
(,[n]) ' :| Boretsky,Eur,Williams'22]

Let P = (P;);r € R\ /. TFAE: g B . [Z] |

(i) The subdivision of Ay,, induced by | Let p = (ur)r € [r= R( ) TFAE:

P is positroidal | (i) The subdivision of Perm,, induced by
. . . >0 | w consists of Bruhat interval polytopes.
\(”) P is a point in Tr="Gn. J\ (i) p is a point in Tr=0F¢,. |

_ L Question:
© [Chatelain, Ramirez'11] Are there subdivisions of Perm,, into
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Coarsest LPFM subdivisions

letw=nn—1---21,e=12---n
o u; T= 1€;

[ Theorem [B., Knauer'24]

Each of the following hyperplanes give a coarsest non-trivial subdivision of Perm.,
into LPFMs
oxy; =idfori=2,....;.n—1~ le,u; J] U |[u; T, w]
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Coarsest LPFM subdivisions

letw=nn—1---21,e=12---n
o uj = 1W; o Vi = w;i
O Uy T: iéi O v; T: éii

[ Theorem [B., Knauer'24]

ox1+x90 =4
ox1+x9 =2n — 2

O Tp—1+oTn =4

O Xp—1+xTn =2n — 2

\

Each of the following hyperplanes give a coarsest non-trivial subdivision of Perm.,

into LPFMs
oxy; =idfori=2,....;.n—1~ le,u; J] U |[u; T, w]
oxnp=tfori=2,....n—1~ [e,v; ] U [v; T, w]

Example: n =5

o x1 =2 : [e,25431] U [21345, w
ox1 =3: e, 35421] U [31245, w]
o 1 =4 : [e,45321] U [41235, w
ox1+x2=4:e, 31/542] U [13

ox1+x2=28: e, 53]421] U [35

245, w]
124, w]

o x5 =2 : [e,54312] U [13452, w]
o x5 = 3 : e, 54213] U [12453, w]
o x5 =4:[e,53214] U [12354, w]
o x4 + x5 = 4 : [e,542|31] U [245[13, w]
o x4+ x5 =8 : [e,421|53] U [124|35, w]




L PFMs subdivisions of Permy

Tio = T =3 T4 =3 T34 =



(Proposition [B., Knauer'24]

Let P =11 U---U I, be an LPFM subdivision of Perm,, and let I; = [u;, v;].

Then P* =17 U---UI} is an LPFM subdivision of Perm, where
u; (@) :=n+1—wu;(¢) (and similar for v7).
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(Proposition [B., Knauer'24]

Let P =1 U---U Iy be an LPFM subdivision of Perm,, and let I;

Then P* =17 U---UI} is an LPFM subdivision of Perm, where
u; (@) :=n+1—wu;(¢) (and similar for v7). Moreover,

o(x;=a)*=z;=n—a+1fora=2,... n—1
@) (:137;3' :4)*:$ij:2n—2.

[wj, ).
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(Proposition [B., Knauer'24]

Let P =11 U---U Iy be an LPFM subdivision of Perm, and let I, =

Then P* =17 U---UI} is an LPFM subdivision of Perm, where
u; (@) :=n+1—wu;(¢) (and similar for v7). Moreover,

o(x;=a)*=z;=n—a+1fora=2,... n—1
@) (azij :4)*:xij:2n—2.

[wj, ).

334:2 51312:4 5131:3 5134:3 51334:4 5171:2




Some current questions

o Let F; U F5 be the subdivision of Perm,, given by x; = a. Deletion of n in
each constituent of F; and F5 gives rise to the subdivision of Perm,,_1 via x; = a.
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Some current questions

o Let F; U F5 be the subdivision of Perm,, given by x; = a. Deletion of n in
each constituent of F; and F5 gives rise to the subdivision of Perm,,_1 via x; = a.

Question:

®Does the subdivision given by x;; = a related to some operation(s) on matroids?.

o A collection of hyperplanes is compatible if they give rise to an LPFM subdivision.

(Questions: )

® What are the compatible hyperplanes for Perm,,?.

® Are there more hyperplanes that give rise to LPFMs subdivisions?
® \What are the finest subdivisions in LPFMs of Perm,,?
® \What are their f-vectors?

X ® \What weight vectors do LPFM subdivisions correspond to, as points in Trzo}"ﬁn?}




(Questions:

® \What are their f-vectors?

® What are the compatible hyperplanes for Perm.,?.
® Are there more hyperplanes that give rise to LPFMs subdivisions?
® \What are the finest subdivisions in LPFMs of Perm,,?

X ® \What weight vectors do LPFM subdivisions correspond to, as points in Trzo}"ﬁn?}

Height function (P, P>, P, Py; Py, Pi3,
P14, P33, Pog, Pya; P13, Poa, Pi3g, Prs)

Bruhat interval polytopes
in subdivision

f-vector

(-1,-1,-1,0,-1,-1,0,-1,0,0;0,0,0,0)

P43 4321, Po3a 213

Pi3gp 4301, Pro3a 4312

P34 4301, P34 2431

Ps124 4301, P1234 3421

(24,39,18,2)

Po13 4301, Proza 4031

P34 4301, P34 3142

(24,40,19,2)

P13 4321, Pi3an 4231,
Pi3oa 4213, Piosa a1

Pi1a2.4321, Proa3 3401,
Pr134.4312. P123a 0413

Po314.4321, Pi3oa a3t
Pi124.4231, P123a 3041

(24,42,23.4)

Polyhedral and Tropical Geometry of Flag Positroids

Boretsky, Eur, Williams '22

LPFMs coarsest
subdivisions of Permy
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