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Abstract. Schubert polynomials are distinguished representatives of Schubert cycles in
the cohomology of the flag variety. Pipedreams (PD) and bumpless pipedreams (BPD)
are two combinatorial models of Schubert polynomials. There are many classical results
on PDs. For instance, Fomin and Stanley represented each PD as an element in the
nil-Coexter algebra. Lenart and Sottile converted each PD into certain chains in the
Bruhat order. This paper establishes the BPD analogues of both viewpoints. Our results
lead to a bijection between PDs and BPDs via Lenart’s growth diagram.

1 Introduction

Fix n € Z~y. For a permutation w € S;, Lascoux and Schiitzenberger [1”] recursively

define the Schubert polynomial &,. The base case is Gy, := x;l_lxg_z -+ X1 Where w

is the permutation with one-line notation [n,n —1,---,1]. To compute &, for other

w € S, we need the divided difference operator &;(f) = =L (x,_x;,*jlxl ) Lets; e S, denote

the transposition that swaps i and i + 1. Then for any we S, and i € [n — 1]

5w — {6“1‘ ) >wli+1),
0 ifw() <w(i+1).

The Schubert polynomials represent Schubert cycles in flag varieties and have been
extensively investigated. Schubert polynomials have two distinct combinatorial formulas
involving “pipes”: pipedreams (PD) [!, 5] and bumpless pipedreams (BPD) [11]. Both
are fillings of grids with certain tiles. When we refer to cells of a grid, we use the matrix
coordinates: row 1 is the topmost row and column 1 is the leftmost column. A pipedream
is a filling of a staircase grid: The grid has a cell in row i column j for each i +j < n + 1.
The rightmost cell in each row is Pl The rest of the cells can be HH (crossing) or
(bump), but two pipes cannot cross more than once. A bumpless pipedream (BPD) is a
consistent filling of an n x n grid with six types of cells: |I|, E|, EE|, E,E and [] (blank).
Pipes enter from each cell on the bottom and exit on the right edge. In addition, two
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pipes cannot cross more than once. The permutation associated to each PD (resp. BPD)
can be read off as follows: Label the pipes 1,2, ..., n along the top (resp. bottom) edge,
follow the pipes, and read the labels from top to bottom on the left (resp. right) edge.

Example 1.1. When n = 5, we present a PD and a BPD associated with [2,5,1, 4, 3]:

J 1J J
H Jr _J(
Jr——/ — -
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C | (

Let PD(w) (resp. BPD(w)) be the set of all PDs (resp. BPDs) associated with w € S,,.
For P € PD(w) (resp. P € BPD(w)), the weight of P, denoted as wt(P), is a sequence of

n — 1 integers where the i entry is the number of H (resp. |:|) on row i. For instance,
the PD and BPD in Example 1.1 both have weight (2,2,0,1). If & = (ay,--- ,&,_1) is a

. . . Ky
sequence of n — 1 non-negative integers, we use x* to denote the monomial x*---x,"7".

Theorem 1.2. [ ;s Jy ] FOI’ w e Sn, Gw = ZPEPD(ZU) th(P) - ZDGBPD(ZU) th(D).

There is a recent surge of research connecting BPDs with PDs and finding BPD
analogue of classical PD apparatus [/, 10, 8, 17]. This paper establishes the BPD analogue
of two classical stories on PDs:

¢ The nil-Coexter algebra N, is generated by uq, -, u, 1. Fomin and Stanley [6]
defined the following elements in Q[x1,- -+ ,x,_1] @ Npy:

Ai(x) == (1 + xjuy_1) (1 + Xjttp_p) -~ (1 + xju;) and &P := Aq(xq) - Ap_1(xn_1)-

Combinatorially, after expanding &P, each term x*u;, - - - u;, naturally corresponds
toa P € PD(w) with « = wt(P) and i; - - - i is a reduced word of w. Algebraically,
Fomin and Stanley proved &P = Ywes, Owliy -+ - uj, where iy - - - is any reduced
word of w. Consequently, they obtain an operator theoretic proof of the PD fomula.

* The Bruhat order is a partial order on S;. Lenart and Sottile [14] defined a bijection
from PD(w) to chains (wq, wy, - -+ ,wy) in the Bruhat order where wy = w, w, = wy
and there is an increasing i-chain from w; to w;, 1 for i € [n — 1] (See Section 2.2).

Since the introduction of BPDs, finding a BPD analogue of the Fomin-Stanley con-
struction has been an open problem. Instead of the nil-Coexter algebra, we consider the
Fomin-Kirillov algebra &, [*]. It is generated by d;; for 1 < i < j < n and has a right
action on QS| denoted as ©. Define the following elements in Q[x1, -+, x,-1] ® Ex:

Ri(x;) = (xj +dyjp1+ - +dijp1)(xi +diiso+ - +dijp2) - (xi+din+---+d;iy), and
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&5 1= wy © (Ry (x1)Ra(x2) -+ Ry—1(¥-1))-

Combinatorially, after expanding GBFP, we show each term x*w naturally corresponds
toa D € BPD(w) with & = wt(D). Algebraically, we establish Theorem 4.3, obtaining an
operator theoretic proof of the BPD formula.

Theorem 4.3. We have G5°P = Y ¢ & w.

A crucial tool to understand GBFP is a novel encoding algorithm & that encodes each
element of BPD(w) as partial fillings of a staircase grid which we call flagged tableaux. We
denote the image of BPD(w) under ® as FT(w). Each T € FT(w) corresponds to a chain
in the Bruhat order denoted as chain(T) = (wy, - -- ,w1). Then we establish Theorem 3.9,
obtaining a BPD analogue of Lenart and Sottile’s work.

Theorem 3.9. The map chain(-) is a bijection from FT(w) to chains (wy, - - - ,w1) in the Bruhat
order where w, = w, w1 = wo and there is an increasing i-chain from w;,, to w;. Consequently,
chain o ® is a bijection from BPD(w) to such chains.

In other words, PDs and BPDs can both be viewed as certain chains in the Bruhat
order, exhibiting a duality. Finally, we use Lenart’s growth diagram [173] to obtain a
bijection between these chains, obtaining a bijection between PD(w) and BPD(w). We
conjecture this bijection agrees with the existing bijection of Gao and Huang [/]. This
conjecture has been verified on Sy.

Organization: In §2, we cover some necessary background. In §3, we define the
encoding map @ : BPD(w) — FT(w) and establish Theorem 3.9. In §4, we construct our
BPD analogue of the Fomin-Stanley construction. In §5, we use Lenart’s growth diagram
to build a bijection between PD(w) and BPD(w). In §6, we describe one conjecture that
extends the chain formulas of &, to double Schubert polynomials.

2 Background

2.1 Fomin-Stanley construction

A reduced word of w € Sy is a word iyip - - - i such that w = s;, - -s;, and [ is minimized.
One can read off a reduced word of w from every P € PD(w) as follows: Go through its
crossings from top to bottom and right to left in each row. For a crossing in row r column
¢, read off r + ¢ — 1. For instance, the PD in Example 1.1 gives 41324 which is a reduced
word of [2,5,1,4,3].
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The nil-Coexter algebra N, is generated by uy, - -, u,_1 satisfying:

u? =0,
Uil = UjU; if |l —]| =2,
Uillig1t; = ujquiiyr if i € [n—2].

Consider a = u;, ---u;, € Ny, we have a # 0 if and only if i; - - - i; is a reduced word of
some w € Sy. In this case, a = uj, ---u;, if and only if j; - - - ji is a reduced word for the
same w. Fomin and Stanley [¢] defined the following elements in Q[xy, - -, x;,_1] R Ny

Ai(xl-) = (1 + xiun_l)(l + xiun,z) ce (1 + x,-ui) forie [Tl - 1], and
S0 = Ay(x1)Aa(x2) - - Ap1 (Xp1).

Combinatorially, PP =% p xweP )uil -+~ uj where the sum runs over all PD and iy - - - i is
the reduced word read off from the PD. Algebraically, Fomin and Stanley showed that

&P = > Suuyy - uy, 2.1)

weSy

where iy ---i; is an arbitrary reduced word of w. This formula would imply the PD
formula in Theorem 1.2. Fomin and Stanley proved (2.1) by showing ¢;(&FP) = &PPu; for
any i € [n —1]. This equation then reduces to 0;(R;(x;)Rj+1(xi11)) = Ri(xi)Rir1(xj11)u;.
In §4, we present the BPD analogue of (2.1) and establish our equation in a similar way.

2.2 Bruhat order

For 1 <i < j<n, weuset;;to denote the permutation that swaps i and j. For w € Sy,
let /(w) := |{(i,]) : i <j,w(i) > w(j)|]. Let < be the Bruhat order on S,, where the cover
relation is given by u < w if w = ut;; and £(w) = £(u) + 1. We say C = (w1, wp, - ,wy) is
a Bruhat chain from wj to wy if wy < wy < --- < wy. The length of C is d — 1. The weight
of C, denoted as wt(C), is a sequence of length d — 1 where the i entry is £(w; 1) — £(w;).
The chain is saturated if wq < wy < --- < wy. We may represent a saturated chain as

fay by tay by fag_ 1041

wy,

where a; < b; and w; 1 = wit,, p..

Take k € [n — 1]. We use < to denote the k-Bruhat order on S,. Its cover relation
is given by u < wif u <w and w = ut;; for some i < k <j. Similarly, we can define
k-Bruhat chains and saturated k-Bruhat chains. For simplicity, we say “k-chains” in place
of “k-Bruhat chains”. The k-Bruhat order can be used to describe the Monk’s rule [15]:
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Suw(x1++ +xk) = Dy Ou for any w € S, and k € [n — 1] such that w(j) = n for some
j > k. Sottile generalized the Monk’s rule by considering multiplying &,, with

hy(xq, -, xg) i= 2 Xi, o X,
1<ip<--<ig<k
: fay by fay by fag_104_1
where k € [n — 1] and d € Z-. Say a saturated k-chain w; (%)) e wy
is increasing if wi(a1) < wy(az) < -+ < wy_1(az_1). In other words, the smaller number
swapped is increasing. It is not hard to show for any u,w € S, and k € [n — 1], there is at
most one increasing k-chain from u to w.

Theorem 2.1. [10] Take u € S, and d € Z~¢. For any k € [n — 1] such that n,n —1,--- ,n —
d+1are among w(k +1),--- ,w(n), then

6u th X1, , X ZGw

The sum is over all w such that there is an increasing k-chain from u to w with length d.

Lenart and Sottile [14] view PDs as certain Bruhat chains. We introduce the following
definition to describe their chains in a more general way.

Definition 2.2. We say a Bruhat chain C = (wq,wy, -, w;, wyq) is compatible with a
sequence (kq,--- , k) if there exists an increasing k;-chain from w; to w;, for each i € [I].

Lenart and Sottile [14] described a bijection from PD(w) to chains from w to wy
compatible with (1,2,--- ,n —1): Take P € PD(w). For i € [n], let P; be the pipedream
obtained from P by changing all bumps above row i into crossings. Let w; be the
permutation associated with P;. Then (wy, - -- ,wy) is the resulting chain. In addition, if
we change bumps in row i of P; into crossings from left to right, permutations of the
intermediate pipedreams will form the increasing i-chain from w; to w;;.

Example 2.3. Let P be the pipedream in Example 1.1. Then its corresponding chain is
([2,5,1,4,3],15,3,1,4,2],[5,4,1,3,2],[5,4,3,2,1], [5 4 3,2,1]). The increasing 1-chain from

[2,5,1,4,3] to [5,3,1,4,2] is given by: [25143] [35142] % 15,3,1,4,2].

If a pipedream P is sent to the chain C, then wt(C) = (n —1,---,1) — wt(P) where the
subtraction is entry-wise. Thus, this bijection recovers a result of Bergeron and Sottile:

Corollary 2.4. [?] For w e S,, &y = Yo x= 1 D=wC) where the sum is over all chains
from w to wy compatible with (1,2,--- ,n—1).

We end this section by extending Corollary 2.4 using the following observation:

Proposition 2.5. Pick u,w € Sy, k1,ky € [n — 1] and dy,dy € Z~¢. The number of chains from
u to w compatible with (ky,ky) and has weight (dy,dy) matches the number of chains from u to w
compatible with (ky, k1) and has weight (dy, dy).
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Proof. By Theorem 2.1, the number of chains (1, v, w) compatible with (kj, kp) and has

weight (dy, dy) is the coefficient of &y in &, x hy, (x1,- -+, Xk,) X hg,(x1,- -+, X,). The proof

is finished by the commutativity of polynomial multiplication. O
Since we have two sets with the same size, it would be natural to ask:

Problem 2.6. Find an explicit bijection between the two set of chains in Proposition 2.5.
In §5, we show Lenart’s growth diagram [ 3] solves Problem 2.6 in a special case.
Combining Corollary 2.4 and Proposition 2.5, we deduce:

Corollary 2.7. Take w € S, and v € S,_1. If (d1,--- ,d,—1) is a sequence of numbers, let

YN dy, ) = @)1y, dy1(n_1y)- Wealso view vy as a sequence of numbers. Then

Sw=>c x (=L D)= W) | symming over all chains from w to wy compatible with +.

This corollary implies that we have a combinatorial formula of &, involving Bruhat
chains for each choice of v € 5,,_1. Under Lenart and Sottile’s bijection, the PD formula is

identified with the Bruhat chain formula when v = [1,2,--- ,n — 1]. In §3, we identify the
BPD formula with the Bruhat chain formula when v = [n—-1,n-2,--- ,1].

3 Encoding BPDs as flagged tableaux and chains

We first encode each BPD as the following combinatorial object.

Definition 3.1. A flagged tableau is a staircase grid with a cell in row i column jif i +j < n.
Moreover, each cell in row i is empty or filled with a number in [i].

We define an encoding map @ from BPD(w) to the set of flagged tableaux.
Definition 3.2. Take D € BPD(w) for some w € S,,. For i € [n], there are (i — 1) pipes exiting
from the top from row i of D, so there are (i — 1) Hﬂ, [1] and Pl We mark these cells, and
then mark the rightmost unmarked cell in row i. There will be n — i unmarked cells. To

fill the cell in row i column j of ®(D), we look at the jth leftmost unmarked cell in row i
of D. If it is a blank, we leave the cell in ®(D) unfilled. Otherwise, it contains a pipe that
ends in row p for some p < i. We fill the cell in (D) by p.

Example 3.3. Assume n = 6. Take D € BPD([2,1,6,5,3,4]) as depicted on the left. Then
we perform the encoding algorithm and mark certain cells red. Finally, we obtain ®(D).

_Jr Jr 111
e J 1 e J ' 1 2
.y ) . ) ®D)= 1527122
- - 1
( ( 5
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To precisely describe the image of BPD(w) under ®, we need the following definition.

Definition 3.4. The reading word of a flagged tableau T, denoted as word(T), is a sequence
of pairs obtained as follows. Go through entries of T from top to bottom, and right to left
in each row. When we see the number i in column ¢, we write the pair (i,n +1 —c).

By the definition of flagged tableaux, for each pair in the reading word, the first entry
is smaller than the second.
Example 3.5. In Example 3.3, word(®(D)) = (1,2)(1,3)(2,3)(1,4)(2,4)(2,5)(2,6)(1,6)(5,6).
Let T be a flagged tableau with reading word (a4,b1),- -, (a4, b;). For i € [d], we let
w; = Wotg, b, * - ta,p,- Then we say T is associated with the permutation wy if

ta, b ta, b ta, b ta b
ds d—1%d-1 a0 a1.01
Wy —— wy_ T w1 wo

is a saturated Bruhat chain. Let FT(w) consist of all flagged tableaux associated with w.
Example 3.6. In Example 3.3, (D) is associated with [2, 1,6,5,3,4] because:

2,1,6,5,3,4] 2% [2,1,6,5,4,3] 2% [3,1,6,5,4,2] 25 [326541]t25[346521]

t24[356421] 14, 14,5,6,3,2,1] 22 [4,6,5,3,2,1] 22 [5,6,4,3,2,1] 22 [6,5,4,3,2,1]

is a saturated Bruhat chain from [2,1,6,5,3,4] to wy. Notice that D € BPD([2,1, 6,5, 3,4]).

For a flagged tableau T, define the weight of T, denoted as wt(T), to be a sequence of
n — 1 numbers whose i entry is the number of blanks in row i. Then we have:

Proposition 3.7. For w € S, ® is a weight-preserving bijection from BPD(w) to FT(w).

We may turn T into a chain compatible with (n —1,---,2,1) as follows. Suppose
T has reading word (ay,b1), -+, (aq,by) and set w; = wot,, p, -~ ta p for i € [d]. Let m;
be the number of non-empty cells above row i +1 of T fori = 0,1.--- ,n — 1. Clearly,
(Wi Wy —1, -+, Wm,_,) is an i-chain. Moreover, we can check it is an increasing i-chain.
Then define chain(T) := (W, ,, -, Wm,, Wo), which is compatible with (n —1,---,2,1).
Example 3.8. Let T be the (D) in Example 3.3. Then chain(T) is

(12,1,6,5,3,4],[2,1,6,5,4,3],[3,1,6,5,4,2], [3,5,6,4,2,1], [4,6,5,3,2,1], [6,5,4,3,2,1]).

Theorem 3.9. The map chain(-) is a bijection from FT(w) to Bruhat chains from w to wy
compatible with (n —1,---,2,1). Consequently, chain o ® is a bijection from BPD(w) to such
chains.

The bijection chain o @ is an analogue of Lenart and Sottile’s bijection [14] on PD(w).
Notice that for D € BPD(w), if wt(D) = (aq,- - ,a,_1) then

wt(chain(®(D))) = (1 —a,_1,---,n—2—ap,n—1—aq).

Thus, we have identified the BPD formula of &, with the Bruhat chain formula in
Corollary 2.7 withy = [n—1,---,2,1].
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4 Analogue of Fomin-Stanley construction on BPDs

We now construct GBPP, our analogue of GFP, as a generating function of the flagged
tableaux, or equivalently BPDs. Instead of the nil-Coexter algebra N,,, our construction
uses the Fomin-Kirillov algebra [5] £,, generated by {d;; : 1 < i < j < n} satisfying:

a2, =0ifi<j,

dijdiy = digdi;+dipdigifi<j<k,

digdij = dijdig+digdjpifi <j <k,

dijde) =diidi; ifi<j k<Iandi,j k1 distinct.

Fomin and Kirillov described an action of £, on Q[S,]. In this paper, we adopt a
slightly different convention and consider a right action of £, on Q[S,]. For w € S,

od wt;; ifwt; <w
wOd; ;=
v 0 otherwise.

Define A := Q[x1,- -+, x,-1] ® &y Itacts on Q[xyq, - -+, x,,-1][Su] from the right: (fw)©®
(g®e) = (fg)(w®e) for any f,g € Q[xy,---,x,-1], w € Sy, and e € £,. We may identify
En and Q[xq, -, x,_1] as subalgebras of A.

Definition 4.1. Take i € [n —1]. For i < j, define B;; € &, as B;; := dyj+ - +d;;.
Define R;(x;) € A as R;(x;) := (x; + B;i1)(x; + Bijy2) - - (x; + B; ,). Finally, define GBFP
€ Q[x1, - x,_1][Sn] as GBPP 1= wy © (Ry(x1)Ra(x2) - - Ry_1(x—1))-

We show &BPP is a generating function of flagged tableaux, or equivalently all BPDs:

Proposition 4.2. We have

GBPD Z Z T)w _ Z Z th(D)w.

weSy, TeFT (w weSy, DeBPD(w)

Proof. 1f we expand R;(x;), each term corresponds to one way of filling row i of a flagged
tableau. The expression (x; + B; ;) in R;(x;) corresponds to ways of filling the cell at row i
and column 7 + 1 — j: x; means to leave the box empty and d,, ; means to fill it with p. If
we expand Rq(x1) -+ Ry_1(x,1), for each term x*d,, 4 ---d,, p,, there is a flagged tableau
T with wt(T) = x* and word(T) = (ay,b1) - - - (ax, byx). Let w = wy Gdﬂl,b1 o dﬂk/bk' Ifw=0,
we know T is not associated with any permutation. Otherwise, T € FT(w). Thus, we have
the first equation. The second equation follows from Proposition 3.7. O

Now we establish the BPD analogue of (2.1).

Theorem 4.3. We have 5P = ¥ ¢ & w.
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Our proof is similar to the arguments of Fomin and Stanley. Consider a right action
of Ny on S, with w @ u; = wt; ;41 if w(i) < w(i+1) and w @ u; = 0 otherwise. We may
extend this action to Q[x1,- -, x,_1][Sx] by setting f ©Qu; = f for all f € Q[xq,---, x,-1].
Similar to Fomin and Stanley’s approach, Theorem 4.3 reduces to:

Proposition 4.4. For eachi e [n—1], 0;(6) = GO u;.

Proof Sketch. The left hand side is just wg © Rq(x1) - - - 0i(Ri(xi)Rir1(xi11)) - - - Ry—1(xp—1)-
We turn the right hand side into wy ® Ry(x1) - - Ri(%;) #4541 Rip1(Xit1) - - Ru—1(xXp—1).
Then we show wo ® Ry(x1)---R;j_1(x;_1) is in the span of terms x*w where x* is a
monomial involving x1,---,x;_1 and w € S, satisfies w(i +1) > --- > w(n). We just need

Xw© Gi((Ri(xi)Riy1(xiy1)) = x"w O Ri(x;) i1 Riy1(xiy1) for such x*w.

We then establish this equation via a complicated but routine computation. O

Fomin and Kirillov [4] defined the Dunkl element 6; := —>3;_;dj; + >;-;dij € &y for
i € [n]. They showed the Dunkl elements 6, - - ,6, commute with each other. We end
this subsection by providing an alternative way to write GBPP using Dunkl elements.

Proposition 4.5. We have GBPP = w; © [ Ti<icj<n(xi — 6)). Notice that terms multiplied on
the right hand side commute with each other, so the | | notation makes sense.

Remark 4.6. Sergey Fomin kindly informed the author that wo © [ [1<;j<,(xi — 6;) seems
related to the following variation of Cauchy identity of Schubert polynomials:

[T Gi—y) =D, Swlx,, Xu1)Suwwy(~Yu -, —2). (4.1)

1<i<j<n weS,

Indeed, by the Monk’s rule, (4.1) is equivalent to wo O [ [1<j<jcu(Xi —6)) = 2iyes, Sww- In
other words, Theorem 4.3 and Proposition 4.5 form an alternative proof of (4.1).

5 Bijection between pipedreams and bumpless pipedreams

In this section, we present a weight preserving bijection between PD(w) and BPD(w).
By [14] and Theorem 3.9, we just need a weight reversing bijection between chains from
w to wy compatible with (1,--- ,n — 1) and those compatible with (n —1,---,1).

This task can be done by Lenart’s growth diagram [17], which can be viewed as the
following algorithm. Given kq,k; € [n — 1] and chains C;, Cp, where C; (resp. Cp) is a
saturated kj-chain from u to v (resp. kz-chain from v to w), the algorithm outputs a
saturated kj-chain from u to v’ and a saturated ki-chain from v’ to w. Moreover, the
ki-chain (resp. kp-chain) in the output has the same length as C; (resp. Cy).
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Assume Cy = (uq,--- ,ug) and Cp = (wy, - -, wy,) where uy, = w;. We first draw:

kq kq kq kq ko ko ko
Uy —up — - —Ug 1 — W —> W2 — - > Wy,

We start from this labeled chain and apply a local move: Find a part of the chain that
looks like a h, b e We must have a <, b <, c. There exists a unique b’ € S, such that
b'#banda < b <c. Ifa <, b’ <, c, we replace this part of the chain by a Ny
Otherwise, we must have a <, I’ <, c and we replace this part by a R 5 B0 We keep

applying this local move until the labeled chain looks like:

1 koo ko ko kh ko Kk ki 4
Up =2 Uy = Uy Wy > Wy > > Wy
: / / / : / /
Then we output the kp-chain (u7,---, Ug, 1/ wl) and the kj-chain (wl, cee, wdl).

Example 5.1. Say the inputs are: k1 =2, k, =3, C; = ([2,1,4,3],(2,4,1,3],[3,4,1,2]), and
C2 = ([3,4,1,2],(3,4,2,1]). We start from the following labeled chain and apply local
moves:

2,1,4,3] > [2,4,1,3] 3 [3,4,1,2] > [3,4,2,1].

2,1,4,3] > [2,4,1,3] > [2,4,3,1] > [3,4,2,1],

2,1,4,3] > [2,3,4,1] > [2,4,3,1] > [3,4,2,1].
Therefore, the outputs are ([2,1,4,3],(2,3,4,1]) and ([2,3,4,1],[2,4,3,1],[3,4,2,1]).
We may use Lenart’s growth diagram to define a map growthy ..

Definition 5.2. Take a chain (1, v, w) that is compatible with (kq, kp). Let C; (resp. C2) be
the increasing ki-chain (resp. kp-chain) from u to v (resp. v to w). Input Cy, Ca, kq, kp to
Lenart’s growth diagram, obtaining a ky-chain from u to v’ and a ki-chain from v’ to w.
Then define growthy, (1, v, w) as (u,v', w).

The map growthy, ;, does not solve Problem 2.6. When (u, v, w) is compatible with
(k1,k2), growthy, 1 (4, v, w) might not be compatible with (k2, k1): By Example 5.1, we have

growth, 5(2,1,4,3),[3,4,1,2],[3,4,2,1]) = ([2,1,4,3],[2,3,4,1],[3,4,2,1]),

which is not compatible with (3,2), but ([2,1,4,3],[3,4,1,2],[3,4,2,1]) is compatible with
(2,3). Nevertheless, growth, , solves Problem 2.6 in the following special case.

Lemma 5.3. Take 1 <k, <ky <n—1and u,w € S, such that w(k; +1) > w(ky +2) > --- >
w(n) and w(j) = n+1—j for each j € [kz]. Then growthy, , is a weight reversing bijection from
chains (u,v, w) compatible with (ky,ky) to chains (u,v', w) compatible with (ky, k).
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Now we use growthy, ;. to derive a map Growth. This map is defined on a chain
C = (wy, - ,wy) from w to wy compatible with (n —1,---,2,1). It first applies growth, q,
growthsq, - -+, growth,, 1 ; to get a chain compatible with (1,7 —1,---,2). Then it applies
growths 5, - - -, growth, _; , to get a chain compatible with (1,2,n —1,---,3). Eventually, it
produces a chain compatible with (1,2,---,n — 1) defined as Growth(C). We can check
when we apply each growth i, the condition in Lemma 5.3 is satisfied.

Proposition 5.4. For w € S, the map Growth is a weight-reversing bijection from {chains from
w to wy compatible with (n —1,---,1)} to {chains from w to wy compatible with (1,--- ,n—1)}.

By [14] and Theorem 3.9, Growth leads to a weight preserving bijection between PD(w)
and BPD(w), which we conjecture agrees with the bijection of Gao-Huang [7].

Example 5.5. Consider the chain ([2,1,4,3],[2,3,4,1],[2,4,3,1],[4,3,2,1]) which is com-
patible with (3,2,1) and has weight (1,1,2). We apply growth,; and then growth; to
get ([2,1,4,3],(4,1,3,2],[4,2,3,1],[4,3,2,1]) which is compatible with (1,3,2) and has
weight (2,1,1). Finally, use growth; , to get ([2,1,4,3],[4,1,3,2],[4,3,1,2],[4,3,2,1]) which
is compatible with (1,2, 3) and has weight (2,1,1).

6 Extending Corollary 2.7 to double Schubert polynomials

The double Schubert polynomial &y(x,y) isin xq,--- ,x,—1 and y1,- -+ , Y, —1. It recovers &y,
after setting each y; to 0 and can be computed using PDs and BPDs: For P € PD(w) (resp.
BPD(w)), let WT(P) be the product over H (resp. |:|) in P, where the tile in row i column
j gives (x; —yj). By [, 17], Sw(x,¥) = 2pepp(w) WT(P) = Zpespp(w) WT(P).

Take v € S,,_1 and let C = (wq,--- ,wy) be a chain compatible with v. Define WT,,(C)
as H?;ll [ 1:(xy; = Yw,(r)), where t runs over all £ > <; such that w;(t) = w;;1(t). After
setting all y; to 0, WT,,(C) recovers x(1=1 )=y (wi(©)) | The following conjecture extends
Corollary 2.7 and has been checked for all we S, forn <8 and all y € 5,_1:

Conjecture 6.1. For y € S;,_1, we have Sy, (x,y) WT, (C).

= ZC:chain from w to wy compatible with vy

This conjecture agrees with the PD and BPD formula when ¢ = [1,--- ,n — 1] and
v =[n—1,---,1] respectively via the bijections in [14] and Theorem 3.9.
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