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Abstract. A graphic arrangement is a subarrangement of the braid arrangement whose
set of hyperplanes is determined by an undirected graph. A classical result due to
Stanley, Edelman and Reiner states that a graphic arrangement is free if and only if
the corresponding graph is chordal, i.e., the graph has no chordless cycle with four
or more vertices. In this article we extend this result by proving that the module of
logarithmic derivations of a graphic arrangement has projective dimension at most
one if and only if the corresponding graph is weakly chordal, i.e., the graph and its
complement have no chordless cycle with five or more vertices.
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1 Introduction

The principal algebraic invariant associated to a hyperplane arrangement A is its module
of logarithmic vectors fields or derivation module D(.A). Such modules provide an
interesting class of finitely generated graded modules over the coordinate ring of the
ambient space of the arrangement. The chief problem is to relate the algebraic structure
of D(A) to the combinatorial structure of A, i.e., whether it is free or more generally
to determine its projective dimension or even graded Betti numbers. In general, this is
notoriously difficult and still wide open, at its center is Terao’s famous conjecture which
states that over a fixed field of definition, the freeness of D(.A) is completely determined
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by combinatorial data. Conversely, one might ask which combinatorial properties of A
are determined by the algebraic structure of D(.A).

It is natural to approach these very intricate questions by restricting attention to
certain distinguished classes of arrangements.

A prominent and much studied class are the graphic arrangements, around which our
present article revolves. They are defined as follows.

Definition 1.1. Let V = Qf be an /-dimensional Q-vector space. Let xq,..,x; be a basis
for the dual space V*. Given an undirected graph G = (V, E) with V = {1,...,¢}, define
an arrangement A(G) by

A(G) = {ker(x; — x;)|{i, j} € E}.

Regarding the freeness of D(.A4(G)), a nice complete answer is given by the following
theorem, due to work by Stanley [15], and Edelman and Reiner [0].

Theorem 1.2 ([6, Thm. 3.3]). The module D(.A(G)) is free if and only if the graph G is chordal,
i.e., G does not contain a chordless cycle with four or more vertices.

A recent refined result was established in [16] by Tran and Tsujie, who showed that
the subclass of so-called strongly chordal graphs in the class of chordal graphs corre-
sponds to the subclass of MAT-free arrangements, cf. [7], [4].

In this note, we will investigate the natural question raised by Kung and Schenck
in [11] of whether it is possible to give a characterization of graphs G, similar to Theo-
rem 1.2, for which the projective dimension of D(.A(G)) is bounded by a certain positive
value. To this end, we consider the more general notion of weakly chordal graphs intro-
duced by Hayward [Y]:

Definition 1.3. A graph G is weakly chordal if G and its complement graph G® do not
contain a chordless cycle with five or more vertices.

It was subsequently discovered that many algorithmic questions that are intractable
for arbitrary graphs become efficiently solvable within the class of weakly chordal graphs

[10].

The main result of this paper is the following:

Theorem 1.4. The projective dimension of D(A(G)) is at most 1 if and only if the graph G is
weakly chordal. Moreover, the projective dimension is exactly 1 if G is weakly chordal but not
chordal.

Along the way towards the preceding theorem, we will prove the following key result,
yielding the more difficult implication of Theorem 1.4.

Theorem 1.5. For { > 6, the projective dimension of D(A(CS)) is equal to 2, where C§ is the
complement of the cycle-graph with ¢ vertices, also called the (¢-)antihole.
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Moreover, we prove a refined result. Namely, in Theorem 5.10 we provide an explicit
minimal free resolution of D(A(CY)).

Remark 1.6. This extended abstract corresponds to an article that is published as preprint
on the arXiv ([3]).

2 Preliminaries — Graph Theory

In this section, we define objects of interest to us while studying graphic arrangements,
notably specific graph classes and their attributes. The exposition is mostly based on [5].
We only consider simple, undirected graphs:

Definition 2.1. (i) A simple graph G on a set V is a tuple (V, E) with E C () the set
of (undirected) edges connecting the vertices in V.

(ii) The graph G€ = (V, (¥)\E) is called the complement graph of G.
grap 2 p grap

(iii)) A graph G’ = (V/,E’') with V' C V,E' C E is called a subgraph of G. If E’ is the
set of all edges of E between vertices in V', i.e. E' = (1;/) N E, the graph G’ is an
induced subgraph of G.

Besides restricting the graph to a set of vertices, there are two basic operations we
can perform on graphs, as described in [17]:

Definition 2.2. Let G = (V,E) be a graph and e = {i,j} € E.

The graph G’ = (V,E\ {e}) is obtained from G through deletion of e and the
graph G” = (V" E") with V" the vertex set obtained by identifying i and j and E” =
{{p,q} {p,q} € E’} is obtained by contraction of G with respect to e.

We will define graph classes based on certain path or cycle properties:

Definition 2.3. 1. For k > 2, a path of length k is the graph P, = (V, E) of the form

V=A{vo,...,v}, E={{vo, 01}, {v1,v2},...,{vk_1,vk}}
where all v; are distinct.

2. If P, = (V,E) is a path, and k > 3, then the graph C; = (V,EU {v;_1,v0}) is called
a (k-)cycle.

For k > 6, we call Clg the k-antihole.
The main objects of interest in this article are graphs that satisfy a weaker condition
than chordality and were introduced by Hayward in [7]:
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Definition 2.4. A graph is called weakly chordal (or weakly triangulated) if it contains no
induced k-cycle with k > 5 and no complement of such a cycle as an induced subgraph.

We prove the following:

Lemma 2.5. For a weakly chordal graph G = (V, E), there exists a sequence of edges ey, .., ey ¢
E, such that

1. Gi=(V,EU{ey,...,e;}) is weakly chordal fori =1,...,k—1,
2. the edge e; is not part of an induced cycle C4 in G; fori =1, ...,k and
3. Gy is chordal.

3 Preliminaries — Hyperplane Arrangements

In this section, we recall some fundamental notions form the theory of hyperplane ar-
rangements. The standard reference is Orlik and Terao’s book [12].

Definition 3.1. Let K be a field and let V =2 K’ be a K-vector space of dimension £. A
hyperplane H in V is a linear subspace of dimension ¢ — 1. A hyperplane arrangement
A = (A, V) is a finite set of hyperplanes in V.

Let V* be the dual space of V and S = S(V*) be the symmetric algebra of V*. Identify
S with the polynomial algebra S = K][x1, ..., xy].

Definition 3.2. Let A be a hyperplane arrangement. Each hyperplane H € A is the
kernel of a polynomial ay of degree 1 defined up to a constant. The product

Q(A) = H XH

HeA

is called a defining polynomial of A.

Define the rank of A as rk(.A) := codimy (Nye4H). If B C A is a subset, then (B,V)
is called a subarrangement. The intersection lattice L(A) of the arrangement is the set of
all non-empty intersections of elements of A (including V as the intersection over the
empty set), with partial order by reverse inclusion. For X € L(.A) define the localization
at X as the subarrangement Ax of A by

Axi:{H€A|XgH}
as well as the restriction (A%, X) as an arrangement in X by

AX = {XNH|Hec A\Ax and XN H # @}.
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Define
Ly(A) = {X € L(A) | codimy (X) = k}

and Ly (A), L<x(A) analogously.

Definition 3.3. Let A be a non-empty arrangement and let Hy € A. Let A" = A\{Hp}
and let A" = AH. We call (A4, A’, A”) a triple of arrangements with distinguished
hyperplane Hy.

We can associate a special module to the hyperplane arrangement A:
Definition 3.4. A K-linear map 6 : S — S is a derivation if for f,g € S:
0(f-g)=f-6(g)+g-8(f).

Let Derg (S) be the S-module of derivations of S. This is a free S-module with basis the
usual partial derivatives dy,, ..., dy,.
Define an S-submodule of Derg (S), called the module of .A-derivations, by

D(A) = {8 € Derk (5)[6(Q(A)) € Q(A)S}.
The arrangement A is called free if D(.A) is a free S-module.

The class of arrangements we are interested in are graphic arrangements:

Definition 3.5. Given a graph G = (V,E) with V = {1,...,(}, define an arrangement
A(G) by
A(G) = {ker(x; — xj)|{i,j} € E}.

Remark 3.6. Note that for a graphic arrangement .4(G), localizations exactly correspond
to disconnected unions of induced subgraphs of G.

For given derivations 6y, ...,60; € Der(S) we define the the coefficient matrix
M(@l, e ,Qg) = (Qj(xi))lgi,jgé ,

i.e., the matrix of coefficients with respect to the standard basis dy,,...,dy, of Der(S).
We recall Saito’s useful criterion for the freeness of D(.A), cf. [12, Thm. 4.19].

Theorem 3.7. For 61,...,0;, € D(A), the following are equivalent:
1. det(M(0y,...,8,)) € KX Q(A),
2. 604,...,0pis abasis of D(A).
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3.1 Projective dimension

In this manuscript, we want to take a look at the non-free case of graphic arrangements
and find a characterization for their different projective dimensions. For a comprehen-
sive account of all the required homological and commutative algebra notions we refer
to [17] respectively [/].

Definition 3.8. A projective resolution of a module M is a complex P, with a map € : Py —
M, such that the augmented complex

"'%P2—>P1—>P0;M—>O
is exact and P; is projective for all i € IN.

We can define the notion of projective dimension:

Definition 3.9. Let M be an S-module. Its projective dimension pd(M) is the minimum
integer n (if it exists), such that there is a resolution of M by projective S-modules

O—P—-—=P—P—M—0

The projective dimension of an arrangement is the projective dimension of its deriva-
tion module and we simply write pd(.A) := pd(D(.A)). Note that since S is a polynomial
ring, it follows from the Quillen-Suslin Theorem that in this case projective and free res-
olutions coincide. The following result is due to Terao, cf. [15, Lem. 2.1].

Proposition 3.10. Let X € L(.A). Then pd(Ax) < pd(A).

An arrangement A is generic, if |A| > rk(A) and for all X € L(A) \ {NgesH} we
have | Ax| = codimy (X). The next result, due to Rose and Terao [13], identifies generic
arrangements as those with maximal projective dimension.

Theorem 3.11. Let A be a generic arrangement. Then pd(A) = rk(A) — 2.

Important for our present investigations are the following examples of generic ar-
rangements.

Example 3.12. Let C, be the cycle graph with ¢ vertices. Then, for ¢ > 3, the graphic
arrangement A(Cy) is generic. In particular, we have pd(A(Cy)) = rk(A(Cy)) —2 =
¢ —3.

Since arrangements of induced subgraphs correspond to localizations, from Exam-
ple 3.12 and Proposition 3.10 we obtain the following, first observed by Kung and
Schenck [11, Cor. 2.4].

Corollary 3.13. If G contains an induced cycle of length m, then pd(A(G)) > m — 3.
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Figure 1: The triangular prism of [11] on the left is the same as C¢“ on the right.

In [11], Kung and Schenck introduced a graph they called the “triangular prism”
to serve as an example for a graphic arrangement A(G) whose projective dimension is
strictly greater than k — 3, k the length of the longest chordless cycle in G. Note that the
graph they describe is the 6-antihole, see Figure 1. It does not have any cycle of length 5
or more, yet pd(A(G)) = 2 and it is not weakly chordal.

3.2 Terao’s polynomial B

Let A be an arbitrary arrangement and Hj a distinguished hyperplane. Let (A, A/, A”)
be the corresponding triple. Choose a map v : A” — A’ such that v(X) N Hy = X for all
XeA.

Terao defined the following polynomial

Q(A)

apy [xear ayx)

B(A’, Hy) =

The main properties of this polynomial can be summarized as follows:
Proposition 3.14. [17, Lem. 4.39 and Prop. 4.41]
1. degB(A',Hy) = |A’| — | A"|.
2. The ideal (xp,, B(A’, Hy)) is independent of the choice of v.
3. The polynomial (g, ) is contained in the ideal (apy,, B(A’, Hy)) for all € D(A").
In the following, we fix a hyperplane Hy and simply write B = B(.A’, Hy) for Terao’s

polynomial.
By Proposition 3.14, we have an exact sequence:

0 D(A) — D(A) % 5. B, (3.15)

where S = S/ap,, B is Terao’s polynomial in S and 0/(8) = 6(ap,).
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The following new result regarding this sequence will be important in our subsequent
proofs. It is a special case of “surjectivity theorems” for sequences of local functors
recently obtained by the first author in [1].

Theorem 3.16. Assume that pd(Ax) < codimy (X) —2 forall X € Lso(AH0). Then the map
d' in the sequence (3.15) is surjective. Hence, in this case, the sequence (3.15) is also right exact.

Proof. This immediately follows from [!, Thm. 3.2, Thm. 3.3]. O
We record the following consequences of the preceding theorem.

Corollary 3.17. Assume that Ay is free for all X € Ly(A™) and pd(A) < 1. Then the
sequence (3.15) is also right exact.

Proof. This follows immediately from Theorem 3.16 and Proposition 3.10. O

Lemma 3.18. Assume that Ax is free for all X € Lo(AM0) and pd(A) < 1. Then we also have
pd(A’) <1.

4 Weakly chordal graphic arrangements

The goal of this section is to show that a graphic arrangement of a weakly chordal graph
has projective dimension at most 1, which gives one direction of our main Theorem 1.4.

Theorem 4.1. Let G = (V, E) be a weakly chordal graph. Then pd(A(G)) < 1.

Proof. Firstly, Lemma 2.5 implies that there exists a sequence of edges ey, .. ., ¢x such that
Gi = (V,EU{ey,..,e;}) is weakly chordal, the edge e; is not the middle edge of any
induced Py in G; for i =1, .., k, and G is chordal.

We prove that pd(A(G;)) < 1 for all i = 1,..,k by a descending induction. As Gy is
chordal, the arrangement A(Gy) is free and hence pd(.A(Gy)) = 0 by Theorem 1.2. So
assume that pd(A(G;)) < 1 for some 1 < j < k. We will now argue that this implies
pd(A(Gj-1)) < 1 which finishes the proof.

Let Hp be the hyperplane corresponding to the edge ¢; in the arrangement A(G;). We
aim to apply Lemma 3.18 to \A(G;) and A(G;_1). To check the assumption of this result,
we consider X € Ly(A(G;j)™) and need to show that the arrangement A(G;)x is free.

Assume the contrary, i.e., that A(G;)x is not free. By definition of X, the arrange-
ment A(G;)x is a graphic arrangement on an induced subgraph of G; on four vertices
containing the edge ¢;. The assumption that this arrangement is not free implies that
this induced subgraph is not chordal. As this subgraph only contains four vertices it
must be the cycle C4. This however contradicts condition (2) in Lemma 2.5 which states
that the edge ¢; cannot be an edge of an induced cycle Cy in the graph G;. Therefore, the
arrangement A(G;)x is free for all X € Ly(A(G;j)™).
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Moreover, by the induction hypothesis, we have pd(A(G;)) < 1. Thus, by Lemma
3.18, we also have pd(A(G;j_1)) < 1 as desired. O

Let us record the following result which immediately follows from the previous the-
orem and Theorem 1.2.

Corollary 4.2. Let G be a weakly chordal but not chordal graph. Then pd(A(G)) = 1.

5 Graphic arrangements of antiholes

The main result of this section yields the other direction of implications in Theorem 1.4.
Recall that the graph C{ is the complement graph of a cycle with ¢ vertices which is
called the ¢-antihole.

Theorem 5.1. For all ¢ > 6 it holds that
pd(A(CF)) =2.
Let us first explain how this concludes the proof of Theorem 1.4.

Proof of Theorem 1.4, using Theorem 5.1. By Theorem 4.1, we have pd(A(G)) < 1 for a
weakly chordal graph G and pd(A(G)) = 1 if G is not chordal by Corollary 4.2.
Conversely, assume that G is a graph such that pd(A(G)) = 1. In particular, by
Theorem 1.2, the graph G is not chordal. Suppose G is also not weakly chordal. Then,
by definition, there is either an m > 5 such that C;, is an induced subgraph or there is an
¢ > 6 such that C{ is an induced subgraph of G. In the first case, by Corollary 3.13, we
have pd(A(G)) > ¢ —3 > 2; in the second case, by Proposition 3.10 and Theorem 5.1,
we also have pd(.A(G)) > 2. Both cases contradict our assumption. Hence, G is weakly
chordal. O]

To prove Theorem 5.1, let us first introduce some notation for special derivations we
will consider in this section. Let G be a graph with vertex set V = [{] := {1,2,...,(}.
Write H;j := ker(x; — x;) for the hyperplane corresponding to the edge {i,j} and let

.Agfliz{Hi]'|1§i<]'§€}

be the graphic arrangement of the complete graph in Q°. We set

)6 .
0; = Zx;-axj (i >0) and define ¢; := I (xi — x})0x
j=1 jell\{i-1,i,i+1}

fori # 1,¢. Also define

/-1 (=2

Q1= H(xl — xi)axl and @y = H(xf - xi)axé'
i=3 i=2
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In this section we always consider indices and vertices in [¢] in a cyclic way, i.e., we
identify i + ¢ with i etc.
There is the following fundamental result due to K. Saito.

Theorem 5.2 ([14]). Ay_q is free with basis 6y, ...,0;_1.
With this, we can show the following.

Lemma 5.3. Let
Bi,j = Aé—l \ {Hs,s+1 | i<s< ]}
Then B, i1, is free with basis
00, - -, 00-3, Qit1, Pito.

With the same notation, we have:

Proposition 5.4. If i +2 < jand (i,j) # (1,1), then D(B;;) is generated by

90/ ceey 95—3/ Pit1, Pit2, -y (P]

To obtain generators for B; ; we need to modify the argument utilizing the polyno-
mial B. For that purpose, we introduce the following new refined version of Proposi-
tion 3.14.

Theorem 5.5. Let A be an arrangement, Hy, Hy ¢ A be distinct hyperplanes and let A; :=
AU{H;}. Assume that Hy = ker(a), Hy = ker(B) and let B; be the polynomial B with respect
to (A, H;). Assume that ker(a + B) € A, let b be the greatest common divisor of the reduction
of By and By modulo («, B) and let byb = By modulo («, B). Then for 8 € D(.A) we have:

9(0() € (DC, ,BBl, bQBl).

We can apply Theorem 5.5 to By y_1 and B := By, = Ay 1\ {Hi2,...,Hi—10,H1}.
Namely, we can show the following;:

Theorem 5.6. D(B) = (6y,...,0/_3,¢1,--.,¢¢)s-

Note that ¢; := (xj_1 — x;)@; — (Xis1 — Xis2)@iv1 € D(Ai—1) = (6o, ..., 00-1)s for
i=1,...,¢, since

pi(xi—xip)=—  J] (-x)+ J] (x41-%)=0 mod (x;—xis1).
jele\fii+1} jele\{ii+1}

Thus, there are f;; such that

)
j=0
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So we have relations
(-3 /-3
Yi— ) fifi = s — ) _ fiibs,
j=0 j=0

and they are generated by
(-3 (-3
1= fif =i — ) fiib (5.8)
j=0 j=0

fori = 2,...,L. We now prove that they indeed generate all the relations among the
generators of D(B).

Theorem 5.9. All relations among the set of generators 0y, ...,0¢_3, ¢1,..., @, are generated by
the ones given in Equations (5.8).

Now we are ready to prove the following, which immediately implies Theorem 1.5.

Theorem 5.10. The module D(B) has the following minimal free resolution:
0—S[—£+1] = S[—£+2)" - @Z3s[~i| @ S[-¢+3]" - D(B) - 0. (5.11)

In particular, pd(B) = 2.

6 Remark on generalization of the result

A natural question arising from our Theorem 1.4 would be if this generalizes to the
remaining projective dimensions, i.e. if A(G) has projective dimension < k if and only
if G and its complement graph do not contain a chordless cycle with k + 4 or more
vertices. This is however not the case, first note that in the case of projective dimension
0, it suffices for the graph itself to have no chordless cycle of length 4 or more and
chordality is not closed under taking the complement (The complement of the 4-cycle for
instance, is chordal, whereas the 4-cycle itself is not). Moreover, since the arrangement
of the k-cycle is generic of rank k — 1, it has maximal projective dimension k — 3 (see
Example 3.12) and by Theorem 1.5 its complement has projective dimension 2. Moreover,
we found two counterexamples to the other direction of this conjecture in dimension 7;
both graphs and their complements have no induced cycle of length more than 5, yet
have projective dimension 3, which was also found by Hashimoto in [3].

References

[1] T. Abe. “Addition-deletion theorems for the Solomon-Terao polynomials and B-sequences
of hyperplane arrangements”. 2023.


https://arxiv.org/abs/2305.10283

12

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

Takuro Abe, Lukas Kiihne, Paul Miicksch, and Leonie Miihlherr

T. Abe, M. Barakat, M. Cuntz, T. Hoge, and H. Terao. “The freeness of ideal subarrange-
ments of Weyl arrangements”. . Eur. Math. Soc. (JEMS) 18.6 (2016), pp. 1339-1348.

T. Abe, L. Kiihne, P. Miicksch, and L. Miihlherr. “Projective dimension of weakly chordal
graphic arrangements”. 2023.

M. Cuntz and P. Miicksch. “MAT-free reflection arrangements”. Electron. |. Combin. 27.1
(2020), Paper 1.28, 19.

R. Diestel. Graph theory. Fifth. Vol. 173. Graduate Texts in Mathematics. Springer, Berlin,
2017, pp. xviii+428.

P. H. Edelman and V. Reiner. “Free hyperplane arrangements between A,,_; and B,,”. Math.
Z.215.3 (1994), pp. 347-365.

D. Eisenbud. Commutative algebra. Vol. 150. Graduate Texts in Mathematics. With a view
toward algebraic geometry. Springer-Verlag, New York, 1995, pp. xvi+785.

A. Hashimoto. “On projective dimensions of graphic arrangements (Japanese)”. Master
thesis, Kyushu University (2023).

R. Hayward. “Weakly triangulated graphs”. J. Combin. Theory Ser. B 39.3 (1985), pp. 200-
208.

R. Hayward, C. Hoang, and F. Maffray. “Optimizing weakly triangulated graphs”. Graphs
Combin. 5.4 (1989), pp. 339-349.

J. P.S. Kung and H. Schenck. “Derivation modules of orthogonal duals of hyperplane
arrangements”. J. Algebraic Combin. 24.3 (2006), pp. 253-262.

P. Orlik and H. Terao. Arrangements of hyperplanes. Vol. 300. Grundlehren der mathematis-
chen Wissenschaften. Springer-Verlag, Berlin Heidelberg, 1992, pp. xviii+325.

L. L. Rose and H. Terao. “A free resolution of the module of logarithmic forms of a generic
arrangement”. |. Algebra 136.2 (1991), pp. 376—400.

K. Saito. “Theory of logarithmic differential forms and logarithmic vector fields”. Journal
of the Faculty of Science. University of Tokyo. Section IA. Mathematics 27.2 (1980), pp. 265-291.

R. P. Stanley. “Supersolvable lattices”. Algebra universalis 2.1 (1972), pp. 197-217.

T. N. Tran and S. Tsujie. “MAT-free graphic arrangements and a characterization of strongly
chordal graphs by edge-labeling”. 2022.

C. A. Weibel. An introduction to homological algebra. Vol. 38. Cambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1994, pp. xiv+450.

S. Yuzvinsky. “Cohomology of local sheaves on arrangement lattices”. Proc. Amer. Math.
Soc. 112.4 (1991), pp. 1207-1217.


https://arxiv.org/abs/2307.06021
https://arxiv.org/abs/2204.08878

	Introduction
	Preliminaries – Graph Theory
	Preliminaries – Hyperplane Arrangements
	Projective dimension
	Terao's polynomial B

	Weakly chordal graphic arrangements
	Graphic arrangements of antiholes
	Remark on generalization of the result

