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Real matroid Schubert varieties, zonotopes, and
virtual Weyl groups
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Abstract. We show that the matroid Schubert variety of a real hyperplane arrangement
is homeomorphic to the zonotope of the arrangement with parallel faces identified.
Using this explicit model, we compute the homology and fundamental group of the
matroid Schubert variety in terms of combinatorial data of the underlying oriented
matroid. When the hyperplane arrangement is a Coxeter arrangement, we show that
the equivariant fundamental group is a virtual analogue of the associated Weyl group.
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1 Introduction

Several recent breakthroughs in matroid theory have come from understanding the
topology of certain algebraic varieties associated to hyperplane arrangements. One such
variety is the matroid Schubert variety, which compactifies the ambient vector space of
a central essential hyperplane arrangement. Originally studied by Ardila-Boocher [!]
and Li [¢], it has most notably found applications to the Dowling—Wilson top-heavy
conjecture for representable matroids [>].

We study the topology of matroid Schubert varieties Y 4 associated with real hyper-
plane arrangements .A. The main result is an explicit homeomorphism from Y4 to a
natural quotient of the zonotope associated with \A. As a consequence, we obtain pre-
sentations for the homology and fundamental group of Y4 that depend only on the
oriented matroid data of . A. When A is a Coxeter arrangement, we also show that the
equivariant fundamental groups are of independent interest. We call them virtual Weyl
groups, since they are quotients of virtual Artin groups [] (which themselves generalise
the virtual braid group in type A).

Full details of the results in this extended abstract will be presented as part of the
forthcoming paper [7].
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2 Setup

Let V be a finite-dimensional vector space over a field F, and let A = (a,)c.cg € (V*)E
be a representation of an [F-linear matroid M with (finite) ground set E. The rank of
S C Eis rkS = dimspan{a,: e € S}, and a flat of M is a subset F C E that is not
strictly contained in another subset of the same rank. Flats of M are partially ordered by
inclusion, and this poset is in fact a geometric lattice £(M) called the lattice of flats of M.

Remark 1. The &, should be thought of as defining hyperplanes H, = kera, C V. When
M is simple, the «, are all nonzero and no two are parallel. In this case, M is the matroid
associated to the central hyperplane arrangement determined by the H,.

For every F € L(M), define the subspace Vr = ,cpkera, C V. The localisation M*
is the matroid on ground set F with flats {G C F: G € £L(M)}. It has a representation
AF = (ae)eer € ((V/VE)*)E. The contraction MF is the matroid on ground set E \ F with
flats {G\ F: F C G € L(M)}. It has a representation Ar = (&e|v;)ccp\r € (VE)ENE,

Without loss of generality, assume that the a, span V*. (If M is simple, this would
correspond to the hyperplane arrangement defined in Remark 1 being essential.) In this
case, the choice of A defines an embedding V — FE by v + (a.(v)).cg. Considering
IFE as the subset of (P1)f = (IFU {0} with all coordinates finite, the closure of V in
(P1)E (in the Zariski topology) is the matroid Schubert variety Y 4 of A. A key property of
matroid Schubert varieties is the existence of an affine paving.

Proposition 2 ([Y, Lemmas 7.5 and 7.6]). The matroid Schubert variety Y 4 has a stratification
Y = UFe.C(M) Yf\, where

th = {(Ve)ece € YA: Yo = oo ifand only if e ¢ F} = V/Vy 2 F'XE,

Further, Y_ﬁ = Upcg Y = Y yc for every G € L(M).

Henceforth we fix F = IR. In this case much of the combinatorics of A (and hence M)
can be encoded in the geometry of a convex polytope.

Definition 3. The zonotope associated to A is the Minkowski sum
ZA:Z 11&6—{2%% — ceglforalleEE}CV*.
ecE ecE
Equivalently, it is the image of the cube [—1, 1]F under the projection (c;)ecr — Yok Celte-

The face structure of Z4 can be understood explicitly using the oriented matroid
structure of A in terms of covectors. Define a map V — {+,—,0}f by sending v € V
to C = (C¢)ecp, where C, = + if ao(v) > 0, — if a.(v) < 0, and 0 if a,(v) = 0. The
image of this map is the set of covectors of 4. Each covector C gives a decomposition
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E=CyUC_UCy where C; = {e € E: C, = +}, C_ = {e € E: C. = —}, and
Co = {e € E: C. = 0}. Observe that the flats of A are exactly the zero sets Cy of
covectors of A. Further, the set of covectors forms a lattice (the face lattice) with the
product order induced from the partial order 0 < +, — on each coordinate.

We can associate a face of Z 4 to each covector C as follows:

Cr Y ae— Y aet+ Y [-1,1]a. (2.1)
ecCy ecC_ ecCy
It follows immediately that the face associated to a covector C is (isometric to) Z 4,
where F is the zero set of C.

Proposition 4 ([, Proposition 2.2.2]). The map (2.1) is an order-reversing bijection between
the face lattice and faces of Z 4 (under inclusion).

Example 5. In Figure 1 we visualise the rank 2 braid arrangement. Concretely, in the
above notation we have V* = R3/R(1,1,1), E = {1,2,12}, and a1 = (1,—-1,0), ap =
(0,—1,1), and a1y = (1,0, —1) = ag + ap. By fixing an isomorphism V = V* using the
dot product, we draw both the hyperplanes in V (in black) and the zonotope in V* (in
blue) in the same plane. Finally, we label the regions of V by their covectors.

ker K12

Figure 1: The rank 2 braid arrangement
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3 The combinatorial model

Observe from the explicit equations (2.1) that faces of Z4 whose covectors correspond
to the same flat are translates of each other. Let Z 4 be the quotient of Z 4 obtained by
identifying two points if one is moved to the other by such a translation. Intuitively, Z,
is the result of identifying parallel faces in Z 4.

The stratification of Z 4 by (relatively open) faces descends to a stratification of Z4
indexed by £(M). Denote by Z! the stratum corresponding to F € L(M).

Theorem 6. The real matroid Schubert variety Y 4 (with the analytic topology) is homeomorphic
to Z 4.

Proof sketch. We claim that every homeomorphism f: R — (—1,1) determines a home-
omorphism ¢: Y4 — Z 4. First observe that there is a map V — RE — (—1,1)F — ZE
defined by v — (a.(v)) — (f(ae(v))) — Yecr f(ae(v))ae. Unfortunately this compo-
sition does not obviously extend to the desired map, as the projection [—1,1]F — Z4
does not descend to a well-defined map after identifying parallel faces. Nevertheless, we
claim that a suitable interpretation of the formula (ve)ecr — Yocr f(Ve)®e extends the
mapV — Z El to the required continuous ¢. In fact, if y = (ye).cg € Yf\, there are several
possible values for (f(v.))ece € [—1,1]F allowed by continuity, but they correspond to
different covectors with the same zero set F and hence Y_,cr f(ye)a. is well-defined in
the quotient Z 4

Since Y4 is compact and Z 4 is Hausdorff, the continuous map ¢ is a homeomorphism
if it is a bijection. By construction it maps Yf‘ to Z i, so it is enough to verify bijectivity
on each stratum separately. Further, it is enough to check the open stratum Yfl =2V,
since each Y7 is the open stratum in Y 4r.

For injectivity, let v,w € V and consider (d.) = (f(a(v)) — f(a.(w))) € (—1,1)E.
Observe that f must be (strictly) increasing or decreasing; without loss of generality,
assume that f is increasing. The sign of d, is then the same as the sign of a.(v — w).
S0 Y ,cp dete(v — w) is non-negative, and it is zero if and only if d, = a,(v —w) = 0 for
every e € E. But if v and w map to the same point in Z%, then ¥, dee = 0. It follows
that a.(v —w) = 0 for every e € E, and thus v = w as the a, span V*.

To show surjectivity, consider the quotients of Y4 and Z4 identifying all boundary
strata to a point co. Both quotients are homeomorphic to spheres, with induced cell
decompositions V LI {oo} and ZF LI {oo} respectively. Since ¢ sends strata to strata, it
descends to a continuous cellular map ¢ between the quotients. If ¢ were not surjective,
then the image of ¢ would be contained in the sphere minus one point and hence be
homeomorphic to (a subset of) V. By the Borsuk-Ulam theorem ¢ would not be injective.
In particular, cellularity of ¢ implies that ¢|y = ¢|y would not be injective, contradicting
what was shown above. [
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Remark 7. In the case of Coxeter arrangements, Theorem 6 was proved in [0, Appendix
A] using somewhat involved root system combinatorics.

Example 8. If dimV = dim V* = 2, then Z 4 is a 2n-gon (where n > 2 is the number
of rank 1 flats). Identifying parallel edges of Z 4 gives a connected compact orientable
surface without boundary. The resulting cell structure on the surface has one 0-cell if
n is even and two 0-cells if n is odd. By an Euler characteristic computation and the
classification of surfaces, it follows that Y 4 is homeomorphic to X, (if n = 2g is even)
or X, with two (distinct) points identified (if n = 2¢ + 1 is odd). For example, the
matroid Schubert variety corresponding to the rank 2 braid arrangement of Example 5
is homeomorphic to the torus with two points identified.

4 Computations of invariants

The combinatorial model of Theorem 6 allows for easy computation of some topological
invariants of Y 4.

Homology

There is a cellular chain complex for Z 4 with cells given by the strata Zf. The bound-
ary map in this complex is necessarily zero, since in the computation for any cell Zf‘
opposite faces of Zfl both occur and with opposite sign. Their contributions cancel, as

the opposite faces are identified in Z 4. Hence the homology of Y 4 is easy to compute.
Proposition 9. Hy(Y 1, Z) = He(Z4,Z) = @Drer(m) Zxp, where deg xp = rk F.

Remark 10. It is interesting to note that the cellular boundary maps for the analogous
cell structures on complex matroid Schubert varieties are also zero, but for the different
reason that the cells are concentrated in even (real) dimension.

Fundamental group

The fundamental group of a cell complex depends only on the 2-skeleton. For Z 4, the
cells of dimension k correspond to the flats of rank k. We take the 0-cell corresponding
to the unique rank O flat to be the basepoint. There is then a presentation of 711 (Y 4) with
generators xr indexed by rank 1 flats and relations indexed by rank 2 flats.

To compute the relations, it is helpful to work with an acyclic reorientation of A (this
does not change the zonotope Z 4). Let G be a rank 2 flat. The rank 1 flats contained in
G can be ordered as follows. If G contains 7 rank 1 flats, the zonotope Z 4 is a 2n-gon.
One vertex of this 2n-gon has a covector without any + coordinates (this follows from
the choice of acyclic orientation). A length n sequence of edges from this vertex to its
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opposite vertex defines a total order F; < ... < F,; on the rank 1 flats contained in G.
There are two such sequences, giving opposite orders. The relation corresponding to G
then says that the two paths xp, - - - xf, and xf, - - - xp, determined by these sequences are
equal.

Theorem 11. The fundamental group 71(Y4) has a presentation with generators {xp: F €
L(M),rk F = 1} and relations xp, - - -anxEll e x;nl for every rank 2 flat G, where Fi, ..., F,
are the rank 1 flats contained in G ordered as above.

Example 12. Continuing Example 5, the fundamental group of the matroid Schubert
variety in this case has a presentation (x1, x2, X2 | X1x12X2X] 1x1_21x2_ by,

Remark 13. When Z 4 is the (type A) permutohedron of dimension 1, the homology and
fundamental group were computed in this way in [?, Proposition 8.3] and [?, Theorem
8.1], generalising the n = 2 computation in Example 12. In particular, the fundamental
group was shown to be isomorphic to the triangular group Tr, 1, also known as the
pure flat braid group.

Remark 14. Every rank 2 oriented matroid is representable over IR [4, Corollary 8.3.3], so
the above presentation of 771 (Y 4) can be used to define a group for any oriented matroid.

Homotopy groups

In certain cases, the higher homotopy groups 7, (Y.4) are also known.

Theorem 15 ([?, Theorem 8.1]). If Z 4 is the (type A) permutohedron, then Zisa classifying
space and hence 11, (Y 4) = 1tn (2 4) is trivial for all n > 1.

The proof uses the theory of non-positively curved polyhedral complexes. We expect
that the same result holds more generally, at least for nice enough choices of A.

5 Coxeter arrangements

We first fix some notation. Let ® be a root system with simple roots 11 and positive roots
®*. Each (positive) root defines a hyperplane in the dual space, and the corresponding
hyperplane arrangement is called a Coxeter arrangement. By abuse of notation, we also
use @ for the matroid representation with coordinates given by the positive roots.
Further, let (1, g)a pc1 be the Coxeter matrix associated to the root system &, and let
Y ={oy:a €I} and S = {s,: a € I} be abstract sets indexed by Il. The Artin group A
has a presentation with generators X and relations Prod (o, 0g, ma,ﬁ) = Prod(aﬁ, Ou, ma,ﬁ)
for all o, B € TT with a # B and m, g # c. Here Prod(a, b, m) is the word aba . . . of length
m. Similarly, the Weyl group W has a presentation with generators S and relations s2 = 1



Real matroid Schubert varieties 7

for all « € IT and Prod(s,x,sl;,m,x,/;) = Prod(sﬁ,sa,ma,ﬁ) for all , B € IT with « # B and
ma,ﬁ # o0,

Bellingeri—Paris-Thiel [?] have recently defined the virtual Artin group VA as the free
product of W and A modulo some “mixed relations” coming from the action of W on
®. Their definition unifies the Coxeter-theoretic and knot-theoretic generalisations of
the classical braid group to Artin groups and virtual braid groups respectively. We are
interested in a quotient of their group that can be considered as a virtual analogue of the
corresponding Weyl group.

Definition 16 ([3]). The virtual Artin group VA is the free product of W and A modulo
relations Prod(s,x,s[;,m,x,[; —1)o, = O'fYPI‘Od(S,X,S/g, My — 1) for all o, B € TT with « # B
and m, g # 0. In these relations, the positive root -y is defined as « if 1, g is even and p
if m, g is odd.

Definition 17. The virtual Weyl group VW is the quotient of VA by the relations ¢? = 1
for all « € I1.

There is a surjective group homomorphism VW — W defined on generators by
Ou, Sa F Sq for all & € T1, and we call its kernel the pure virtual Weyl group PVW. The map
rtp: VA — W [3, Section 2] is the composition of this map with the quotient VA — VW,
and its kernel is the pure virtual Artin group PVA.

Proposition 18. The fundamental group 111 (Ye+) is isomorphic to PVW.

Proof sketch. There is a presentation of the pure virtual Artin group with generators
{Zp: B € @} and certain relations [3, Theorem 2.6]. As PVW is the image of PVA
under the quotient map VA — VW, we can obtain a presentation of PVW by imposing
(consequences of) the relations 02 =1 to the presentation of PVA.

In fact, the generator ¢ p is the element ws,o,w ! € VA for some w € W and a € I1
such that w(a) = B [3, p- 197]. This definition is independent of the choices of w and
a [3, Lemma 2.2]. Then —f = ws,(a), so -p = (w4 )sa0u(Saw ™) = wous,w™! and
(pl_p = wsuogs,w . But this is the identity if and only if 07 = 1, so PVW has a
presentation with generators {{g: B € ®*} and the same relations as PVA.

A root subsystem ® C ® is parabolic if &' NPT corresponds to a flat of the Coxeter
arrangement. The relations in the above presentation of PVA correspond to choices of
simple roots for rank 2 parabolic root subsystems of ®. One can compute the relations
and show that, after accounting for the extra relations {g{ g = 1, the relations for pairs
of simple roots depend only on the parabolic root subsystem, and that they are the same
as the relations in Theorem 11 coming from the rank 2 flats. Hence the presentations of
PVW and 71 (Yg+) define the same group. O

The Weyl group W acts on V, and hence on Y4+ and 711 (Yp+). We can therefore con-
sider the W-equivariant fundamental group 71}¥ (Yg+) [, Definition 11.1]. As the unique
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0O-cell is fixed by the action of W, taking it as the basepoint gives a semidirect prod-
uct decomposition 71}" (Ye+) = W x 71 (Ye+ ). The homomorphism W — Aut(7t; (Yo ))
defining the semidirect product is exactly the W-action indicated above. Explicitly, an
element w € W acts on generators of 771 (Yg+) by ¢ B+ Cw(p)

Theorem 19. The W-equivariant fundamental group ;" (Yo ) is isomorphic to the virtual Weyl
group VW.

Proof sketch. The virtual Weyl group also has a semidirect product decomposition W x
PVW descending from the semidirect product decomposition of the virtual Artin group
[, Proposition 2.1]. As 711 (Ye+) = PVW (Proposition 18) and the action of W on PVW
[3, p. 203] agrees with the action of W on 711 (Yg+ ), the semidirect products 7}" (Yg+)
and VW must be isomorphic. O

Remark 20. In type A, the virtual Weyl group is known as the flat (virtual) braid group. It
was called the virtual symmetric group in [0], where it was realised as the equivariant

fundamental group nf "(Yp+) of the corresponding matroid Schubert variety [0, Lemma
11.6].

Acknowledgements

The author thanks Joel Kamnitzer and Yu Li for many helpful conversations and com-
ments on a previous draft.

References

[1] E Ardila and A. Boocher. “The Closure of a Linear Space in a Product of Lines”. J. Algebraic
Comb. 43.1 (2016), pp. 199-235.

[2] L. Bartholdi, B. Enriquez, P. Etingof, and E. Rains. “Groups and Lie algebras corresponding
to the Yang—-Baxter equations”. Journal of Algebra 305.2 (2006), pp. 742-764.

[3] P. Bellingeri, L. Paris, and A.-L. Thiel. “Virtual Artin groups”. Proceedings of the London
Mathematical Society 126.1 (2023), pp. 192-215.

[4] A. Bjorner, M. Las Vergnas, B. Sturmfels, N. White, and G. M. Ziegler. Oriented Matroids.
2nd ed. Encyclopedia of Mathematics and its Applications. Cambridge University Press,
1999.

[5] J. Huh and B. Wang. “Enumeration of points, lines, planes, etc.” Acta Mathematica 218.2
(2017), pp. 297-317.

[6] A.llin, J. Kamnitzer, Y. Li, P. Przytycki, and L. Rybnikov. “The moduli space of cactus flower
curves and the virtual cactus group”. 2023.


https://dx.doi.org/10.1007/s10801-015-0634-x
https://dx.doi.org/https://doi.org/10.1016/j.jalgebra.2005.12.006
https://dx.doi.org/https://doi.org/10.1112/plms.12491
https://dx.doi.org/10.1017/CBO9780511586507
https://dx.doi.org/https://doi.org/10.4310/ACTA.2017.v218.n2.a2
https://arxiv.org/abs/2308.06880

Real matroid Schubert varieties 9

[7] L.Jiang and Y. Li. in preparation.

[8] B. Li. “Images of rational maps of projective spaces”. International Mathematics Research
Notices 2018.13 (2018), pp. 4190-4228.

[9] N. Proudfoot, Y. Xu, and B. Young. “The Z-Polynomial of a Matroid”. The Electronic Journal
of Combinatorics (2018), P1-26.


https://dx.doi.org/10.1093/imrn/rnx003
https://dx.doi.org/https://doi.org/10.37236/7105

	Introduction
	Setup
	The combinatorial model
	Computations of invariants
	Coxeter arrangements

