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Extremal weight crystals over affine Lie algebras
of infinite rank
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Abstract. We explain extremal weight crystals over affine Lie algebras of infinite rank
using combinatorial models: a spinor model due to Kwon, and an infinite rank ana-
logue of Kashiwara–Nakashima tableaux due to Lecouvey. In particular, we show
that the Lecouvey’s tableau model combinatorially explains an extremal weight crys-
tal structure of level zero. Using these combinatorial models, we explain an algebra
structure of the Grothendieck ring for a category consisting of some extremal weight
crystals.
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1 Introduction

Let Uq(g) be a quantum group associated with a Kac–Moody algebra g. For an integral
weight λ, let V(λ) be an extremal weight Uq(g)-module of weight λ and B(λ) be its
associated crystal base (cf. [6]). It is significant to study extremal weight crystals because
it is closely related to level-zero representations of quantum affine Lie algebras (of finite
rank). For details, see [1, 2, 8, 17] and references therein. However, properties of extremal
weight crystals over affine Lie algebras of infinite rank differ considerably from those
over affine Lie algebras of finite rank. In this extended abstract, we discuss several
properties of extremal weight crystals over affine Lie algebras of infinite rank.

An important observation by Naito and Sagaki [16] (see Proposition 3.2 also) is that
for an integral weight λ of a nonnegative level, there exist λ0 ∈ E and λ+ ∈ P+ (and
unique in some sense) such that

B(λ) ∼= B(λ0)⊗ B(λ+). (1.1)

This isomorphism suggests that a combinatorial model of B(λ) (λ ∈ P) by combining
that for B(λ0) (λ0 ∈ E) and that for B(λ+) (λ+ ∈ P+).

*gjxogur123@snu.ac.kr. Taehyeok Heo is supported by Basic Science Research Program through the
National Research Foundation of Korea(NRF) funded by the Ministry of Education (RS-2023-00241542).

mailto:gjxogur123@snu.ac.kr


2 Taehyeok Heo

We associate B(λ) (λ ∈ E) to a set KNg(λ†) (λ† ∈ P) of g∞-type Kashiwara–
Nakashima (simply KN) tableaux introduced by Lecouvey [15], which are an infinite
rank analogue of KN tableaux. We define a g∞-crystal structure on KNg(λ), and we
construct an isomorphism between KNg(λ) and B(ϖλ) (Theorem 3.10). On the other
hand, we associate B(λ) for λ ∈ P+ to a spinor model introduced by Kwon [12, 13].
Indeed, the crystal structure of a spinor model is already known and a spinor model is
isomorphic to extremal weight crystals of dominant weights (see Theorem 3.6).

As an application, we characterize the Grothendieck ring K for a category C consist-
ing of some extremal weight crystals. In particular, as similarly as (1.1), the set K has
the tensor decomposition

K = K0 ⊗K+

where K0 and K+ are the subalgebra of K generated by [B(λ)] for λ ∈ E and λ ∈
P+

int, respectively. It is known that K0 is isomorphic to the ring of symmetric functions
(Proposition 5.2) and K+ is isomorphic to the ring of formal power series (Theorem 5.4).
One can find a full version of this extended abstract including proofs and details in [3].

2 Preliminaries

2.1 Notations

Let Z+ be the set of nonnegative integers. Let P be the set of partitions and, for n ∈ Z+,
Pn = { λ ∈ P | ℓ(λ) ≤ n}, where ℓ(λ) is the length of λ. Denote by λ′ = (λ′

1, λ′
2, . . . ) the

conjugate of λ.
For even ℓ ≥ 2, let Gℓ be one of the algebraic groups: Spℓ, Pinℓ, and Oℓ. Let

P(Spℓ) = P ℓ
2
, P(Pinℓ) = P ℓ

2
,

P(Oℓ) = { λ ∈ Pℓ | λ′
1 + λ′

2 ≤ ℓ },

and
P(G) = { (λ, ℓ) | ℓ ∈ N, λ ∈ P(G2ℓ) }

for G = Sp, Pin, or O.
For an ordered set A and a skew shape λ/µ, denote by SSTA(λ/µ) the set of semi-

standard (or A-semistandard) tableaux of shape λ/µ, that is, tableaux with letters in A
such that entries in each row (resp. column) are weakly (resp. strictly) increasing. We
omit a subscript A from SSTA(λ/µ) if there is no confusion or it does not depend on
the choice of A.
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2.2 Affine Lie algebras of infinite rank

A Lie algebra g is of infinite rank if it is the Kac–Moody algebra associated with a
generalized Cartan matrix of infinite rank. A Lie algebra of infinite rank is of affine
type if every principal minor (of finite rank) of associated generalized Cartan matrix
is positive. There are five (non-isomorphic) affine Lie algebras of infinite rank whose
Dynkin diagram is connected and these are referred to Lie algebras a+∞, a∞, b∞, c∞, and
d∞ (cf. [4]). The followings are Dynkin diagrams corresponding to stated affine Lie
algebras of infinite rank.

a+∞ : ◦
1

◦
2

· · · ◦
n

· · ·

a∞ : ◦
0

◦
1

◦
−1

· · ·· · · ◦
n

◦
−n

· · ·· · ·

b∞ : ◦
0

◦
1

◦
2

◦
3

· · · ◦
n − 1

· · ·

c∞ : ◦
0

◦
1

◦
2

◦
3

· · · ◦
n − 1

· · ·

d∞ :
◦
0

◦
1 ◦

2
◦
3

◦
4

· · · ◦
n

· · ·

In this extended abstract, we focus on providing results for g = b∞, c∞, or d∞. The
corresponding results to ours can be found in [10] when g = a+∞ and in [11] when
g = a∞. We use the following notations for affine Lie algebras g∞ of infinite rank.

• I = Z+ : the index set

• {αi | i ∈ I} : the set of simple roots

• {Λg
i | i ∈ I} : the set of fundamental weights

• P = ZΛg
0 ⊕

∞⊕
i=1

Zϵi : the weight lattice

• P+ : the set of dominant weights, E =
∞⊕

i=1

Zϵi ⊆ P

• W : the Weyl group
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In this paper, we take the simple roots αi as below. Then we can derive the following
equations on Λg

i .

c∞ α0 = −2ϵ1, αi = ϵi − ϵi+1 (i ≥ 1)
Λc

i = Λc
0 + (ϵ1 + · · ·+ ϵi) (i ≥ 1)

b∞ α0 = −ϵ1, αi = ϵi − ϵi+1 (i ≥ 1)
Λb

i = 2Λb
0 + (ϵ1 + · · ·+ ϵi) (i ≥ 1)

d∞ α0 = −ϵ1 − ϵ2, αi = ϵi − ϵi+1 (i ≥ 1)
Λd

1 = Λd
0 + ϵ1, Λd

i = 2Λd
0 + (ϵ1 + · · ·+ ϵi) (i ≥ 2)

For an integer n ≥ 2, let gn be the Lie subalgebra of g∞ generated by ei, fi (i = 0, 1, . . . , n−
1). We write the expression g = b, c, d when we don’t have to specify its rank.

For λ = (λ1, λ2, . . . ) ∈ P , define

ϖλ = ∑
i≥1

λiϵi ∈ E.

For simplicity, we write ϖi = ϖ(1i) for i ≥ 1. On the other hand, we suppose that a Lie
algebra g∞ corresponds to an algebraic group G (and vice versa) as follows:

(g, G) : (b∞, Pin), (c∞, Sp), (d∞, O) (2.1)

Put

• Πc
i = Λc

i (i ≥ 0)

• Πb
0 = 2Λb

0, Πb
i = Λb

i (i ≥ 1)

• Πd
0 = 2Λd

0, Πd
0 = 2Λd

1, Πd
1 = Λd

0 + Λd
1, and Πd

i = Λd
i (i ≥ 2)

and let
Πg(λ, ℓ) = ℓΠg

0 + ϖλ′ ∈ P+

for (λ, ℓ) ∈ P(G). For (λ, ℓ) ∈ P(G) with ℓ(λ) = t, we have

Πg(λ, ℓ) =

{
Πg

λ1
+ · · ·+ Πg

λℓ
if t ≤ ℓ,

Πd
λ1

+ · · ·+ Πd
λ2ℓ−t

+ (t − ℓ)Πd
0 if t > ℓ.

The condition (λ, ℓ) ∈ P(G) with ℓ(λ) > ℓ holds only when (g, G) = (d∞, O).
Let

P+
int = {Πg(λ, ℓ) | (λ, ℓ) ∈ P(G)} ⊆ P+.

Note that when g = c∞, we have P+
int = P+, and when g = b∞ or d∞, we have P+

int ⊊ P+

and P+
int is the set of dominant weights with a positive even level. Recall that the level of

λ ∈ P is the value ⟨λ, K⟩, where K is the canonical central element of g∞ (cf. [4, Section
7.12]).

Remark 2.1. The correspondence (2.1) between Lie algebras and algebraic groups originates from
dual pairs due to Howe. For details, see [3, Remark 2.1].



Extremal weight crystals over affine Lie algebras of infinite rank 5

3 A combinatorial realization of extremal weight crystals

3.1 Extremal weight crystals

We recall the notion of an extremal weight crystal, which is introduced by Kashiwara
(cf. [6, 8]). For λ ∈ P, let V(λ) be an extremal weight module generated by an extremal
weight vector. In particular, V(λ) is an irreducible highest weight module when λ ∈ P+

(cf. [5]). It is proved in [6] that V(λ) has a crystal base (L(λ), B(λ)), which provides a
tool to interpret a given module in a combinatorial way. We simply say that B(λ) is an
extremal weight crystal.

When g is a general Kac–Moody algebra, for λ ∈ P and w ∈ W, there exists an iso-
morphism B(λ) ∼= B(wλ) of g-crystals [6]. Moreover, the converse of the above statement
holds when g is an affine Lie algebra of infinite rank.

Proposition 3.1 ([16, Proposition 3.9]). When g is an affine Lie algebra of infinite rank and
λ, µ ∈ P, we have B(λ) ∼= B(µ) if and only if λ ∈ Wµ.

From now on, we assume that all Lie algebras in this article are affine Lie algebras of
infinite rank without otherwise stated. In particular, we use the notation g∞ to emphasize
the infinite rank.

The key observation of this paper is that an extremal weight crystal B(λ) (λ ∈ P) is
decomposed into the tensor product of two extremal weight crystals.

Proposition 3.2 ([16, Section 4.2]). For a nonnegative level λ ∈ P, there exist λ0 ∈ E and
λ+ ∈ P+ such that

B(λ) ∼= B(λ0)⊗ B(λ+). (3.1)

Moreover, for λ0, µ0 ∈ E and λ+, µ+ ∈ P+, we have

B(λ0)⊗ B(λ+) ∼= B(µ0)⊗ B(µ+) ⇐⇒ λ+ = µ+, λ0 ∈ Wµ0.

By Proposition 3.2, we shift our focus to understand extremal weight crystals B(λ)
for λ ∈ E or λ ∈ P+. In particular, for given λ ∈ E, there exists unique µ ∈ Wλ such that
µ is of the form ϖα for some α ∈ P , and we denote by λ† ∈ P such a (unique) partition
α. Since B(λ) ∼= B(ϖλ†) by Proposition 3.1, we may assume that λ ∈ E is of the form ϖα

for some α ∈ P , indeed α = λ†.

Remark 3.3. For a nonpositive level λ ∈ P, we have an isomorphism

B(λ) ∼= B(λ−)⊗ B(λ0)

for some λ0 ∈ E and λ− ∈ −P+, which is obtained from (3.1) by applying dual crystals (cf. [7,
Section 7.4]).
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Example 3.4 ([3, Example 3.11]). When g∞ = c∞, consider λ = 4Πc
0 + 2ϵ1 + 5ϵ3 − 3ϵ4 −

ϵ5 + 4ϵ6 ∈ P. Then we have ν = 4Πc
0 + 4ϵ1 + 3ϵ2 + 2ϵ3 − ϵ4 − 3ϵ5 ∈ Wλ with

ν+ = 4Πc
0 + 4ϵ1 + 3ϵ2 + 2ϵ3 = Πc((3, 3, 2, 1), 4),

ν0 = −ϵ4 − 3ϵ5.

In this case, (ν0)†(= (λ0)†) = (3, 1). Thus, we have λ0 = ϖ(3,1) and λ+ = Πc((3, 3, 2, 1), 4).

3.2 Spinor model

For a, b, c ∈ Z+, let λ(a, b, c) = (2b+c, 1a)/(1b) be a skew shape with two columns.
Suppose that T ∈ SST(λ(a, b, c)) for some a, b, c ∈ Z+ and T′ is the tableau obtained
from T by sliding the right column of T by k positions down for 0 ≤ k ≤ min{a, b}. Set
rT to be the maximal integer k ≥ 0 such that T′ ∈ SST(λ(a − k, b − k, c + k)).

For a ∈ Z+, let

Tg(a) = { T ∈ SSTN(λ(a, b, c)) | (b, c) ∈ Hg, rT ≤ rg },

where

Hg =


{0} × Z+ if g = c

Z+ × Z+ if g = b

2Z+ × 2Z+ if g = d

, rg =

{
0 if g = b, c
1 if g = d

,

and
Td

(0) =
⊔

(b,c)∈Hd

SSTN(λ(0, b, c + 1)).

For (λ, ℓ) ∈ P(G), put t = ℓ(λ) and

T̂g(λ, ℓ) =

{
Tg(λℓ)× · · · × Tg(λ1) if t ≤ ℓ,
Td

(0)t−ℓ × Td(λ2ℓ−t)× · · · × Td(λ1) if t > ℓ.

Definition 3.5 ([12, 13]). A spinor model Tg(λ, ℓ) of shape (λ, ℓ) ∈ P(G) is the set of
(Tℓ, . . . , T1) ∈ T̂g(λ, ℓ) such that each pair (Ti+1, Ti) satisfies the admissibility condition (cf.
[12, Definition 6.7], [13, Definition 3.4]) for 1 ≤ i ≤ ℓ− 1.

Theorem 3.6 ([12, Theorem 7.4], [13, Theorem 4.4]). For (λ, ℓ) ∈ P(G), the set Tg(λ, ℓ) is
a g∞-crystal and is isomorphic to B(Πg(λ, ℓ)) as g∞-crystals.

Remark 3.7. In this extended abstract, it is sufficient to describe B(λ) for λ ∈ P+
int (not P+),

and we intentionally omit some related notions; Tsp in particular. The skipped ones can be found
in [12, 13], which cover whole extremal (highest) weight crystals B(λ) for λ ∈ P+.
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The character of Tg(λ, ℓ) is defined to be

ch Tg(λ, ℓ) = tℓ ∑
(Tℓ,...,T1)∈Tg(λ,ℓ)

ℓ

∏
i=1

xTi

where t is a formal symbol and xT = ∏∞
i=1 xmi

i , with mi being the number of appearances
of i ≥ 1 in a semistandard tableau T. Indeed, we understand xi = eϵi and t = eΠg

0 when
we consider them as elements in the group algebra Z[P]. An explicit formula of the
character of a spinor model will be explained in Section 4.

3.3 Kashiwara–Nakashima tableaux

For n ∈ Z+, let Ig
n be the following ordered sets.

Ib
n = { n < · · · < 1 < 0 < 1 < · · · < n }

I c
n = { n < · · · < 1 < 1 < · · · < n }

Id
n =

{
n < · · · < 2 <

1
1
< 2 < · · · < n

}
Here, Id

n is a partially ordered set, and (1, 1) is the unique non-comparable pair in Id
n.

Definition 3.8 ([9]). The (gn-type) KN tableau of shape λ ∈ P is an Ig
n-semistandard tableau

T of shape λ such that each column of T is admissible and adjacent columns of T do not have
certain (a, b)-configurations (cf. [9]). We denote by KNg

n(λ) the set of KN tableaux of shape λ.
Note that the condition for a tableau to be Ig

n-semistandard is similar as the usual one with some
exceptions (cf. [3, 9, 15]).

For λ ∈ P , we easily check that KNg
n(λ) ⊆ KNg

n+1(λ) for n ≥ 1. As a role of KN
tableaux corresponding to the infinite rank, Lecouvey [15] introduces a tableau model,
which we call a g∞-type KN tableau.

Definition 3.9 ([15]). For λ ∈ P , define

KNg(λ) =
⋃

n≥ℓ(λ)

KNg
n(λ)

where the union is over n > ℓ(λ) when g = d. It is the set of Ig-semistandard tableaux of shape
λ satisfying the same (a, b)-configuration conditions as those in Definition 3.8, where Ig is the
following ordered set.

Ib = { · · · < n < · · · < 1 < 0 < 1 < · · · < n < . . . }
I c = { · · · < n < · · · < 1 < 1 < · · · < n < . . . }

Id =

{
· · · < n < · · · < 2 <

1
1
< 2 < · · · < n < . . .

}
Here, a pair (1, 1) in Id is the unique non-comparable pair in Id.
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It is known that KNg
n(λ) is a gn-crystal and is isomorphic to B(ϖλ) as gn-crystals [9].

Then we can extend this gn-crystal structure to KNg(λ). Moreover, we show that these
extended gn-crystal structures on KNg(λ) ranging over n ≥ ℓ(λ) are compatible. From
this observation, we induce a g∞-crystal structure on KNg(λ). One of the main results
is that this g∞-crystal KNg(λ) is isomorphic to the extremal weight crystal B(ϖλ).

Theorem 3.10 ([3, Theorem 4.11]). For λ ∈ P , there exists an isomorphism of g∞-crystals.

KNg(λ) ∼= B(ϖλ)

4 Jacobi–Trudi type character formulas

For r ∈ N, let er(x) be the r-th elementary symmetric function in x = {x1, x2, . . . , }, and
set e0(x) = 1 and er(x) = 0 for r < 0. For r ∈ Z, define

Er(x) =
∞

∑
i=0

ei(x)er+i(x),

E′
r(x) = Er(x)− Er+2(x), E′′

r (x) = Er(x) + Er+1(x).

We can easily check that Er(x) = E−r(x) for r ∈ Z. In addition, we easily derive the
following identities using E♢

r (x) (♢ ∈ { · , ′, ′′}).

Proposition 4.1 ([3, Proposition 5.2]). For a ∈ Z+ (a ∈ N when g = d), the following
equalities hold.

ch Tc(a) = tE′
a(x), ch Tb(a) = tE′′

a (x), ch Td(a) = tEa(x),

ch Td(0) + ch Td
(0) = tE0(x), ch Td(0)− ch Td

(0) = t

(
∞

∑
i=0

ei(x)

)(
∞

∑
i=0

(−1)iei(x)

)

In general, we explicitly write the (Jacobi–Trudi type) character formula of a spinor
model in terms of E♢

r (x) (♢ ∈ { · , ′, ′′}).

Definition 4.2 ([14]). For ♢ ∈ { · , ′, ′′} and (λ, ℓ) ∈ P(G), denote

Σ♢
(λ,ℓ)(x) = det(E♢

(λℓ−i+1+i−1)+(j−1)(x) + δ(j ̸= 1)E♢
(λℓ−i+1+i−1)−(j−1)(x))i,j=1,...,ℓ

=

∣∣∣∣∣∣∣∣∣∣∣

E♢
λℓ

E♢
λℓ+1 + E♢

λℓ−1 · · · E♢
λℓ+(ℓ−1) + E♢

λℓ−(ℓ−1)

E♢
λℓ−1+1 E♢

(λℓ−1+1)+1 + E♢
(λℓ−1+1)−1 · · · E♢

(λℓ−1+1)+(ℓ−1) + E♢
(λℓ−1+1)−(ℓ−1)

...
... . . . ...

E♢
λ1+ℓ−1 E♢

(λ1+ℓ−1)+1 + E♢
(λ1+ℓ−1)−1 · · · E♢

(λ1+ℓ−1)+(ℓ−1) + E♢
(λ1+ℓ−1)−(ℓ−1)

∣∣∣∣∣∣∣∣∣∣∣
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where δ(P) = 0 if a statement P is false and δ(P) = 1 otherwise. Also, define Sg
(λ,ℓ)(x) by

Sc
(λ,ℓ)(x) = Σ′

(λ,ℓ)(x)

Sb
(λ,ℓ)(x) = Σ′′

(λ,ℓ)(x)

Sd
(λ,ℓ)(x) =



Σ(λ,ℓ)(x) if t = ℓ,
1
2

Σ(λ,ℓ)(x) +
1
2

(
∞

∑
i=0

ei(x)

)(
∞

∑
i=0

(−1)iei(x)

)
Σ′
(λ,ℓ−1)(x) if t < ℓ,

1
2

Σ(µ,ℓ)(x)−
1
2

(
∞

∑
i=0

ei(x)

)(
∞

∑
i=0

(−1)iei(x)

)
Σ′
(µ,ℓ−1)(x) if t > ℓ,

where t = ℓ(λ) and µ = (λ1, . . . , λ2ℓ−t). Note that the pair (µ, ℓ) appearing when t > ℓ
satisfies that (µ, ℓ) ∈ P(G) and ℓ(µ) < ℓ.

Proposition 4.3 ([3, Proposition 5.4]). For (λ, ℓ) ∈ P(G), the following holds.

ch Tg(λ, ℓ) = tℓSg
(λ,ℓ)(x)

5 The Grothendieck ring

Let C be the category of g∞-crystals whose object B has connected components isomor-
phic to B(λ0)⊗ B(λ+) for some λ0 ∈ E and λ+ ∈ P+

int with some finiteness conditions
(see [3, Section 6.1]). We show that C is a monoidal category under the tensor product
of crystals [3, Theorem 6.1]. Let K = K(C) be the Grothendieck group of C, i.e., the
additive group of isomorphism classes [B] for B ∈ C. Define a multiplication on K by

[B] · [B′] = [B ⊗ B′].

Then we can show K forms an associative Z-algebra. Note that we can find correspond-
ing results for type A in [11].

We explain an algebra structure of K using the decomposition of tensor products
of underlying crystals into connected components (cf. [16, Section 4]). Let K0 and K+

be the subgroups of K generated by [B(λ)] for λ ∈ E and λ ∈ P+
int, respectively. It is

clear K ⊆ K0 ⊗K+ by definition. Conversely, for given λ0 ∈ E and λ+ ∈ P+, we have
B(λ0)⊗ B(λ+) ∼= B(λ) for λ ∈ P (cf. [16, Theorem 4.4]). Thus, we have K = K0 ⊗K+.

To explain an algebra structure of K0, we consider the following decomposition.

Proposition 5.1 ([15]). For λ, µ ∈ E, we have

B(λ)⊗ B(µ) ∼=
⊕
ν∈E

B(ν)
⊕LRν†

λ†µ† ,

where LRν†

λ†µ† is the Littlewood-Richardson coefficient for partitions λ†, µ†, and ν†.
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As a corollary, we know that K0 is a subalgebra of K and obtain an algebra iso-
morphism between K0 and the ring Sym of symmetric functions since their structure
constants coincide.

Proposition 5.2 ([3, Proposition 6.5]). There exists an algebra isomorphism

Ψ0 : K0 −→ Sym (5.1)

which, for λ ∈ P , sends [B(ϖλ)] to sλ.

On the other hand, for k ≥ 0 and (λ, ℓ) ∈ P(G), put

Hg
k = [B(Πg

k)], Hg(λ, ℓ) = [B(Πg(λ, ℓ))]

and Hd
(0) = [B(Πd

0)]. By the semisimplicity result in [12, 13], we deduce that [B] = [B′]
in K+ if and only if ch(B) = ch(B′). Thus, we can rewrite Proposition 4.3 as follows.

Proposition 5.3 ([3, Proposition 6.2]). When g = d and (λ, ℓ) ∈ P(G) with ℓ(λ) < ℓ, the
following identity holds in K+.

Hd(λ, ℓ) =
1
2

det(Hd
(λℓ−i+1+i−1)+(j−1) + δ(j ̸= 1)Hd

(λℓ−i+1+i−1)−(j−1))i,j=1,...,ℓ

+
1
2
(Hd

0 − Hd
0)Hc(λ, ℓ− 1)

When g = d and (λ, ℓ) ∈ P(G) with ℓ(λ) > ℓ, the following identity holds in K+.

Hd(λ, ℓ) =
1
2

det(Hd
(µℓ−i+1+i−1)+(j−1) + δ(j ̸= 1)Hd

(µℓ−i+1+i−1)−(j−1))i,j=1,...,ℓ

−1
2
(Hd

0 − Hd
0)Hc(µ, ℓ− 1),

Here, t = ℓ(λ) and µ = (λ1, . . . , λ2ℓ−t, 0t−ℓ). Otherwise, the following identity holds in K+.

Hg(λ, ℓ) = det(Hg
(λℓ−i+1+i−1)+(j−1) + δ(j ̸= 1)Hg

(λℓ−i+1+i−1)−(j−1))i,j∈[ℓ]

As a corollary, we know that K+ is a subalgebra of K. Even though above two cases
seem to contain different variables coming from Hc (not Hd), the identity E′

r = Er − Er+2
implies that Hc

k is a polynomial in {Hd
i }.

Let h = {hk | k ∈ Z+} ({hk | k ∈ Z+} ∪ {h0} when g∞ = d∞) be commuting formal
variables, and Z[[h]] be the set of formal power series in h. Using Proposition 5.3 and [3,
Lemma 6.3], we can construct an isomorphism between K+ and Z[[h]].

Theorem 5.4 ([3, Theorem 6.4]). Define Φ+ : Z[[h]] −→ K+ by a Z-algebra homomorphism
sending hk to Hg

k (and h0 to Hd
0 when g = d). Then Φ+ is an isomorphism of Z-algebras.
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Finally, we can explicitly describe an algebra structure of K. Based on the above
results, we know that {[B(ϖi)] | i ≥ 1} ∪ {[B(Πg

j )] | j ≥ 0} generates K as a Z-algebra
and hence it is sufficient to find a basis expansion of [B(Πg

a)] · [B(ϖb)]. A general result
for the basis expansion of [B(Πg(λ, ℓ))] · [B(ϖµ)] for (λ, ℓ) ∈ P(G) and µ ∈ P is given
in [16, Section 4.3]. In particular, we obtain the basis expansion of [B(Πg

a)] · [B(ϖb)] by
applying the general result (see [3, Proposition 6.6]).

To characterize the algebra structure of K, we introduce a set z = {zk | k ∈ N} of
(other) commuting formal variables. Define A0 = Z[[h]], An = A0[z1, . . . , zn] for n ∈ N,
and A = ∑n≥0 An. We inductively define a Z-algebra structure on A as follows.

• The multiplication on A0 is the usual multiplication.

• Suppose that the multiplication on An−1 is defined. Define azn = zna + δn(a) for
a ∈ An−1, where δn is a derivation on An−1 such that

c∞


δn(zk) = 0 (1 ≤ k ≤ n − 1)

δn(ha) =
n−1

∑
i=0

min{a,n−i}

∑
j=0

ziha+n−i−2j (a ∈ Z+)

b∞


δn(zk) = 0 (1 ≤ k ≤ n − 1)

δn(ha) =
n−1

∑
i=0

zi

(
min{a,b−i}

∑
j=0

ha+b−i−2j + δ(b − i > a)
b−i−a

∑
k=1

hb−i−a−k

)
(a ∈ Z+)

d∞



δn(zk) = 0 (1 ≤ k ≤ n − 1)

δn(h0) =
n−1

∑
i=0

⌊ n−i
2 ⌋⊕

j=0

zihb−i−2j, δn(h0) =
n−1

∑
i=0

⌊ n−i
2 ⌋⊕

j=0

zihb−i−2j

δn(ha) =
n−1

∑
i=0

zi

min{⌊ a+b−i
2 ⌋,b−i}

∑
j=0

ha+b−i−2j + δ(b − i ≥ a)
⌊ b−i−a

2 ⌋

∑
k=0

hb−i−a−2k

 (a ∈ N)

where ha = ha for a ≥ 1. Now, we obtain an algebra isomorphism between K and A.

Theorem 5.5 ([3, Theorem 6.8]). The assignment sending [B(Πg
a)] to ha ([B(Πd

0)] to h0) and
[B(ϖb)] to zb defines a Z-algebra isomorphism Ψ : K → A. Indeed, we have Ψ = Ψ0 ⊗ Ψ+,
where Ψ+ is the inverse map of Φ+ given in Theorem 5.4.
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