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On the sum of the entries in a character table
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Abstract. In 1961, Solomon proved that the sum of all the entries in the character table
of a finite group does not exceed the cardinality of the group. We state a different and
incomparable property here – this sum is at most twice the sum of dimensions of the
irreducible characters. We establish the validity of this property for all finite irreducible
Coxeter groups. The main tool we use is that the sum of a column in the character
table of such a group is given by the number of square roots of the corresponding
conjugacy class representative. We then show that the asymptotics of character table
sums is the same as the number of involutions in symmetric, hyperoctahedral and
demihyperoctahedral groups. Finally, we derive generating functions for the character
table sums for these latter groups as well as generalized symmetric groups as infinite
products of continued fractions.
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1 Introduction

For any finite group, it is natural to consider the sum of the entries of the character table.
Solomon [18] proved that this is always a nonnegative integer by proving something
stronger, namely that all row sums are nonnegative integers. He did so by showing
that the sum of a row indexed by an irreducible representation is the multiplicity of
that representation in the group algebra with respect to the conjugacy action. He then
deduced that the sum of the entries in the character table of a finite group is at most the
cardinality of the group.

In this extended abstract, we take a different approach to estimating the sum of the
entries of the character table by considering column sums instead. It is well known that
the column sums are always integers, though not necessarily non-negative [10, Proposi-
tion 3.14]. However, for groups whose irreducible characters are real, the column sums
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are given by the number of square roots of conjugacy class representatives by a classi-
cal result by Frobenius and Schur [11]. Weyl groups are well-known examples of such
groups. However, this is not the case for generalized symmetric groups G(r, 1, n), r ≥ 3.
For G(r, 1, n), column sums are given by so-called absolute square roots [2].

From extensive computations, we observe the following upper bound for the sum of
the entries of the character table for many but not all groups.

Property S . The sum of the the entries of the character table of a finite group is at most twice
the sum of dimensions of its irreducible representations.

We know Property S will not hold in general, but it seems to hold for a large class
of natural groups. The smallest counterexamples are of order 64. Our main result is for
the following important class of finite groups.

Theorem 1.1. Property S holds for all finite irreducible Coxeter groups.

Note that this also settles the issue for Weyl groups. The proof of Theorem 1.1 follows
by a case analysis. By analysing the square roots, it is easy to prove the result for
dihedral groups. We will prove Property S for the symmetric, hyperoctahedral and
demihyperoctahedral groups in the later sections. By explicit computations, we have
verified the result for exceptional irreducible finite Coxeter groups. Details will appear
in [4]. It is tempting to believe that Property S holds for all finite simple groups. We have
not yet done a systematic study in that direction, but we certainly believe the following.

Conjecture 1.2. Property S holds for all alternating groups.

Property S holds for abelian groups H because the orthogonality of rows in a charac-
ter table leads to the vanishing of row sums of all representations except the trivial one.
Using this fact, we prove that G × H satisfies the property if it is true for G. It turns out
that Property S holds for any finite group whose all irreducible representations have
dimensions at most 2. This class includes generalized dihedral groups and generalized
quaternion groups.

It is natural to consider the sequence of these sums for the infinite familes of irre-
ducible Coxeter groups. In Section 2, we consider this sum sn for the symmetric group
Sn. We compute its generating function in Section 2.1. In Section 2.2, we sketch the
proof of Property S for Sn and show that the asymptotics of sn is the same as the num-
ber of involutions in Sn. We state similar results for the hyperoctahedral groups Bn in
Section 3 and for the demihyperoctahedral groups Dn in Section 4. Since the main ideas
are similar, we only state the results. We then extend the generating function result to
the generalized symmetric groups G(r, 1, n) in two ways. We give generating functions
for the sum of the number of square roots as well as column sums for conjugacy class
representatives in Section 5. The proofs of these results will appear in an upcoming
article [4].
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2 Symmetric groups

2.1 Generating function for the total sum of character table

Let Sn be the symmetric group on n letters. The set of irreducible representations and
the conjugacy classes of Sn are indexed by the set of integer partitions λ = (λ1 ≥ λ2 ≥
· · · ≥ λn) of n, denoted λ ⊢ n. Write a partition in frequency notation as

λ = ⟨1m1 , . . . , nmn⟩, (2.1)

where mi denote the number of parts of length i in λ. We are interested in sn, the sum
of the entries of the character table of Sn [17, Sequence A082733]. The first few terms of
(sn) are given by

1, 2, 5, 13, 31, 89, 259, 842, 2810, 10020, 37266, 145373.

No formula is given for this sequence. Let Γλ be the sum of entries of the column
indexed by λ ⊢ n in the character table of Sn. By applying the following classical result
of Frobenius and Schur for the symmetric group, we obtain a formula for column sums
in terms of square root counting function.

Theorem 2.1 ([11, Theorem 4.5]). Given a finite group G, let Irr(G) denote the set of irreducible
characters of G. Then

|{x ∈ G | x2 = g}| = ∑
χ∈Irr(G)

σ(χ)χ(g) for each g ∈ G,

where σ(χ), known as the Frobenius-Schur indicator of χ, is 1, 0 or −1 if χ is real, complex
or quaternionic, respectively.

Remark 2.2. It is a standard fact [9, Section 8.10] that all irreducible characters of any Weyl
group (for example, symmetric, hyperoctahedral and demihyperoctahedral groups) have Frobenius-
Schur indicator 1. Thus, column sums of the character table of any Weyl group are given by the
number of square roots of conjugacy class representatives.

Therefore, Γλ = |{x ∈ Sn : x2 = wλ}|, where wλ is some fixed element of cycle type
λ. Recall that the double factorial of an integer n is given by n!! = n(n − 2) · · · ending at
either 2 or 1 depending on whether n is even or odd respectively. Define

or(m) =
⌊m/2⌋

∑
k=0

(
m
2k

)
(2k − 1)!! rk. (2.2)

Proposition 2.3 ([1, Corollary 3.2]). The column sum Γλ is 0 unless m2i is even for all i ∈
{1, . . . , ⌊n/2⌋}. If that is the case,

Γλ =
⌊n/2⌋

∏
i=1

(m2i − 1)!! (2i)m2i/2
⌊n/2⌋

∏
j=0

o2j+1(m2j+1).
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Let S(x) be the (ordinary) generating function of the sequence (sn), i.e.

S(x) = ∑
n≥0

snxn. (2.3)

To give a formula for S(x), we recall that generating functions which are expressed as
continued fractions have a long history beginning with the influential work of Flajolet [8].
There are two kinds of continued fractions which appear commonly. The Stieltjes contin-
ued fraction, or S-fraction has linear terms and the Jacobi continued fraction, or J-fraction has
quadratic terms.

Recall that an involution in Sn is a permutation w which squares to the identity. Let
in be the number of involutions in Sn. A well-known result due to Flajolet [8, Theorem
2(iia)] gives the generating function I(x) of involutions in Sn as the J-fraction

I(x) = ∑
n≥0

inxn =
1

1 − x − x2

1 − x − 2x2

. . .

. (2.4)

Flajolet also showed in the same theorem [8, Theorem 2(iib)] that the generating
function of odd double factorials is the S-fraction

D(x) = ∑
n≥0

(2n − 1)!! xn =
1

1 − x

1 − 2x
. . .

. (2.5)

The quantity or(m) (defined in (2.2)) and its generalizations have been studied in [12].
Setting t = 0, m = 0 and u1 = 1 in the same theorem [8, Theorem 2] we obtain the
generating function for or(m) as the J-fraction

Rr(x) = ∑
n≥0

or(n)xn =
1

1 − x − rx2

1 − x − 2rx2

. . .

. (2.6)

Bessenrodt–Olsson [5] found an explicit bijection between the number of columns in
the character table of Sn that have sum zero and the number of partitions of n with at
least one part congruent to 2 (mod 4). They also computed the generating function for
the number partitions whose associated column sum is nonzero.

Let x, x1, x2, . . . be a family of commuting indeterminates. The following result an-
swers a question of Amdeberhan [3].
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Theorem 2.4. The number of square roots of a permutation with cycle type λ written as (2.1) is
the coefficient of xm1

1 xm2
2 . . . xmn

n in

∏
i≥1

D(2ix2
2i)R2i−1(x2i−1).

Consequently, the generating function of the character table sum is

S(x) = ∏
i≥1

D(2ix4i)R2i−1(x2i−1).

2.2 Proof of Property S for Sn

Recall that derangements are permutations without fixed points. We define another se-
quence (gn) by

gn := ∑
λ⊢n

m1(λ)=0

Γλ, n ≥ 1 and g0 = 1.

Then gn counts the sum of those columns of the character table of Sn which are indexed
by the conjugacy classes corresponding to derangements. The next result is a convolution
type statement involving sn, gn, and in.

Proposition 2.5. For a positive integer n, we have

sn =
n

∑
k=0

ikgn−k.

We next prove the following lemma which gives us control over the sequence sn.

Lemma 2.6. For n ≥ 2, we have 2in−1 ≤ in ≤ nin−1. Further, for n ≥ 4, we have ikgn−k ≤
in−1/(n − 2) for all 0 ≤ k ≤ n − 3.

Using Lemma 2.6, we show that sn ≤ in + in−1, which helps to prove the following:

Theorem 2.7. Property S holds for all symmetric groups.

Using the asymptotics of (in) derived by Chowla–Herstein–Moore [6, Theorem 8], we
confirm the observation of user Lucia [3].

Corollary 2.8. The total sum sequence (sn) grows asymptotically as fast as (in) and hence

sn ∼
(n

e

)n/2 e
√

n−1/4
√

2
.
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3 Weyl groups of type B

The group Z2 ≀ Sn is called the hyperoctahedral group Bn. It can also be written as the
generalized symmetric group G(2, 1, n). But following [16], we can define it in a more
elementary way. But of course, some of these statements here can be seen directly from
Section 5 using that language.

Definition 3.1. Regard S2n as the group of permutations of the set {±1, . . . ,±n}. For an integer
n ≥ 2, the hyperoctahedral group of type Bn is defined as

Bn := {w ∈ S2n | w(i) + w(−i) = 0, for all i, 1 ≤ i ≤ n}

Every element w ∈ Bn can be uniquely expressed as a product of cycles

w = w1w1 · · ·wrwrv1 · · · vs,

where for 1 ≤ j ≤ r, wjwj = (a1, . . . , aλj)(−a1, . . . ,−aλj) for some positive integer λj and
for 1 ≤ t ≤ s, vt = (b1, . . . , bµt ,−b1, . . . ,−bµt) for some positive integer µt. An element
wjwj is called a positive cycle of length λj and vt is called a negative cycle of length µt.
This cycle decomposition of w determines a unique pair of partitions (λ | µ) called the
cycle type of w, where λ = (λ1, . . . , λr) and µ = (µ1, . . . , µs).

Theorem 3.2 ([16, Theorem 7.2.5]). The set of conjugacy classes of Bn is in natural bijection
with the set of ordered pairs of partitions (λ | µ) such that |λ|+ |µ| = n.

Let sB
n denote the total sum of the entries of the character table of Bn. The generating

function of sB
n can be obtained from the more general results in Section 5; see Remark 5.9.

Let ΓB
(λ|µ) be the column sum corresponding to the conjugacy class (λ | µ). To find the

asymptotics of sB
n , we define the following

gB
n :=

′
∑
(λ|µ)

ΓB
(λ|µ)

where the sum runs over all ordered pairs of partitions (λ | µ) of total size n such that λ

has no part of size 1. Moreover, let iB
n denote the number of involutions in Bn. Here, we

have the following counterpart of Proposition 2.5.

Proposition 3.3. For positive integers n, we have

sB
n =

n

∑
k=0

iB
k gB

n−k.

Following similar ideas as in the case of the symmetric group, we prove the next two
results, where we use a result of Lin [13, Eq. (5)] for the asymptotics of iB

n .
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Theorem 3.4. Property S holds for all hyperoctahedral groups.

Corollary 3.5. The total sum sequence (sB
n) grows asymptotically as fast as (iB

n ) and hence

sB
n ∼ e

√
2n

√
2e

(
2n
e

)n/2

.

4 Weyl groups of type D

The Weyl group of type D, also known as the demihyperoctahedral group Dn, is defined as
the following index two subgroup of Bn:

Dn := {w ∈ Bn | w(1) · · ·w(n) > 0}.

Proposition 4.1 ([15, Lemma 2.3]). Let π ∈ Bn have cycle type (λ | µ). Then π ∈ Dn if and
only if ℓ(µ) is even.

The following results gives a description of the conjugacy classes in Dn and charac-
terize the existence of square roots.

Proposition 4.2 ([16, Theorem 8.2.1]). Given a pair of partitions (λ | µ) of n, if an element
π ∈ Dn has cycle type (λ | µ), the associated conjugacy class Cλ,µ in Bn splits into two Dn
conjugacy classes if and only if µ = ∅ and all the parts of λ are even. The class Cλ,µ remains a
Dn conjugacy class if and only if either µ ̸= ∅ or else one of the parts of λ is odd. In particular,
for an odd n, any conjugacy class of Bn does not split.

Proposition 4.3. A pair of partitions (λ | µ) of n (such that ℓ(µ) is even) is the cycle type of a
square element of Dn if and only if the following holds:

1. all even parts of λ have even multiplicity,

2. all parts of µ have even multiplicity, and

3. either λ has an odd part or 4 | ℓ(µ).

Using Proposition 4.3, we then obtain the following.

Theorem 4.4. The generating function for the number of conjugacy classes in Dn with non-zero
column sum is

∞

∏
i=1

1
1 − q4i

[(
∞

∏
j=1

1
1 − q2j

)(
∞

∏
k=0

1
1 − q2k+1 − 1

)
+

1
2

(
∞

∏
j=1

1
1 − q2j +

∞

∏
k=1

1
1 + q2k

)
+ 1

]
− 1.
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Recall the generating function for double factorials in (2.5). To find the generating
function for the sum of the entries in the character table of Dn, we generalize Rr(x) by
the J-fraction

R′
r(x, y) =

1

1 − (1 + y)x − rx2

1 − (1 + y)x − 2rx2

. . .

. (4.1)

Theorem 4.5. The generating function of the sum of the entries in the character table of Dn is
obtained by setting all even powers of y to 1 and odd powers of y to 0 in the formal power series

∏
i≥0

(
D(4ix4i)D(2iyx2i)R′

2i+1(x2i+1, y)
)
+ ∏

i≥0
D(4ix4i)− 1.

Let sD
n denote the sum of the entries of the character table of Dn and iD

n denote the
number of involutions in Dn. The following lemma relates the quantities sD

n and iD
n .

Lemma 4.6. For positive integers n, sD
n ≤ iD

n + (sB
n − iB

n ) + gB
n . Moreover, for odd positive

integers n, iD
n = iB

n /2 and sB
n = 2sD

n . When n is even, 2iD
n − iB

n = 2n/2 (n − 1)!!. Therefore, for
all positive integers n, iD

n ≤ iB
n ≤ 2iD

n .

The main result here follows now from Lemma 4.6.

Theorem 4.7. Property S holds for all demihyperoctahedral groups.

Corollary 4.8. The total sum sequence (sD
n ) grows asymptotically as fast as (iD

n ) and hence

sD
n ∼ e

√
2n

2
√

2e

(
2n
e

)n/2

.

5 Generalized symmetric groups

We follow [15, Section 2] for the notational background used in this section. For non-
negative integers r, n, let Z/rZ ≡ Zr = {0, 1, . . . , r − 1} be the additive cyclic group of
order r, where we use bars to distinguish these elements from those in the symmetric
group. Then define the generalized symmetric group

G(r, 1, n) = Zr ≀ Sn := {(z1, . . . , zn; σ) | zi ∈ Zr, σ ∈ Sn}.

If π = (z1, z2, . . . , zn; σ) and π′ = (z′1, z′2, . . . , z′n; σ′), then their product is given by

π π′ = (z1 + z′σ−1(1), . . . , zn + z′σ−1(n); σσ′),

where σσ′ is the standard product of permutations in Sn.
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The group G(r, 1, n) can also be realized as a subgroup of the symmetric group Srn.
In this interpretation G(r, 1, n) consists of all permutations π of the set {k + i | 0 ≤ k ≤
r − 1, 1 ≤ i ≤ n} satisfying π(k + i) = k + π(i) for all allowed k and i. For convenience,
we identify the letters 0 + i with i for 1 ≤ i ≤ n. Given a permutation π ∈ G(r, 1, n), its
values at 1, . . . , n determine π uniquely.

The two definitions above are identified using the bijective map ϕ defined on the
window [1, . . . , n] by

ϕ((z1, . . . , zn; σ)) =

[
1 2 · · · n

zσ(1) + σ(1) zσ(2) + σ(2) · · · zσ(n) + σ(n).

]
This map satisfies ϕ(π π′) = ϕ(π) ◦ ϕ(π′), where ◦ is the usual composition of permu-
tations in Srn.

Let π = (z1, . . . , zn; σ) ∈ G(r, 1, n) and (u1), . . . , (ut) be the cycles of σ. Let (ui) =
(ui,1, . . . , ui,ℓi) where ℓi is the length of the cycle (ui). Define the color of the cycle (ui) as
z(ui) := zui,1 + zui,2 + . . . + zui,ℓi

∈ Zr. For j ∈ {0, . . . , r − 1}, let λj be the partition formed
by the lengths of cycles of color j of σ. Note that ∑j |λj| = n. The r-tuple of partitions
λ = (λ0 | λ1 | . . . | λr−1) is called the cycle type of π. We refer to such an r-tuple of
partitions as an r-partite partition of size n, denoted λ |=r n. For example, the cycle type
of the element

(2, 1, 1, 1, 0, 2; (123)(45)(6)) ∈ G(3, 1, 6)

is (∅ | (3, 2) | (1)). The following theorem asserts that the conjugacy classes of G(r, 1, n)
are indexed by r-partite partitions of n.

Theorem 5.1. [14, p. 170] Two elements π1 and π2 in G(r, 1, n) are conjugate if and only if
their corresponding cycle types are equal.

Recall the function D(x) from (2.5) and R(x) from (2.6). The following result gener-
alizes Theorem 2.4.

Theorem 5.2. The generating function (in n) for the sum of the number of square roots of all the
conjugacy class representatives in G(r, 1, n) is

∏
i≥0

(
D(2irx4i)r Rr(2i+1)(x2i+1)r

)
r odd,

∏
i≥0

(
D(2irx4i)r D((2i + 1)rx4i+2)r/2 R r(2i+1)

4
(2x2i+1)r/2

)
r even.

In contrast with the case of Sn, the square root function does not give column sums
for character table of G(r, 1, 3), r > 2 as the group has non-real irreducible charac-
ters [2]. Given π = (z1, z2, . . . , zn; σ) ∈ G(r, 1, n), define the bar operation as π :=
(−z1, . . . ,−zn; σ). An element g ∈ G(r, 1, n) is said to have an absolute square root if
there exists π ∈ G(r, 1, n) such that ππ = g. The next result describes columns sum for
G(r, 1, n) in terms of absolute square roots.
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Theorem 5.3. [2, Theorem 3.4] Let {χλ | λ is a r-partite partition of n} be the set of irreducible
characters of G(r, 1, n). Then

∑
λ

χλ(g) = |{π ∈ G(r, 1, n) | ππ = g}| ∀g ∈ G(r, 1, n),

where the sum runs over all r-partite partitions λ.

By analyzing the absolute square roots we will provide generating functions for num-
ber of columns with zero sums and the total sum of the character table of G(r, 1, n).

Lemma 5.4. 1. The absolute square of a cycle of odd length d (of any color) is a cycle of the
same length of color 0.

2. The absolute square of a cycle of even length d (of any color) is a product of two cycles, each
of length d/2, such that sum of their colors is zero.

The following results extend Bessenrodt–Olsson’s theorems [5] from Sn to G(r, 1, n).

Proposition 5.5. An r-partite partition λ = (λ0 | λ1 | . . . | λr−1) is the cycle-type of an
absolute square in G(r, 1, n) if and only if the following hold:

1. each even part in λ0 has even multiplicity,

2. λi = λr−i for all i ≥ 1, and

3. each part in λr/2 has even multiplicity when r is even.

Theorem 5.6. The generating function for r-partite partitions which are cycle-types of absolute
squares in G(r, 1, n) is:

(
∞

∏
i=0

1
1 − q2i+1

)(
∞

∏
j=1

1
1 − q4j

)(
∞

∏
k=1

1
1 − qk

)(r−1)/2

r odd,(
∞

∏
i=0

1
1 − q2i+1

)(
∞

∏
j=1

1
(1 − q4j)(1 − q2j)

)(
∞

∏
k=1

1
1 − qk

)(r−2)/2

r even.

Using [2, Observation 4.2], we obtain the number of absolute square roots for cycles
of a single length and color.

Proposition 5.7. Given a positive integer r, the following holds.

1. The number of absolute square roots of an element of cycle type λ0 = ((2k)2m2k) ( and all
other λi is zero) is (2m2k − 1)!! (2kr)m2k .
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2. The number of absolute square roots of an element of cycle type λ0 = ((2k + 1)m2k+1) ( and
all other λi is zero) is

⌊m2k+1
2 ⌋

∑
j=0

(
m2k+1

2j

)
(2j − 1)!! (2k + 1)j rm2k+1−j.

3. The number of absolute square roots of an element of cycle type λa = λr−a = (kmk) ( and
all other λi is zero) is mk! (kr)mk .

4. For even r, the number of absolute square roots of an element of cycle type λr/2 = (k2mk) (
and all other λt is zero) is (2mk − 1)!! (kr)mk .

Adin–Postnikov–Roichman [2, Corollary 4.3] also give a formula to count the number
of absolute square roots of any element in G(r, 1, n). Using Proposition 5.7, we generalize
their result to determine the sum of the character table in terms of generating functions.
To do so, we also need the classic generating function for the factorials due to Euler [7]
given by

F (x) = ∑
n≥0

n!xn =
1

1 − x

1 − x

1 − 2x
1 − 2x

. . .

. (5.1)

Theorem 5.8. The generating function (in n) of the total sum of the character table of G(r, 1, n)
is 

∏
i≥0

(
F (irx2i)(r−1)/2 D(2irx4i)R(2i+1)/r(rx2i+1)

)
r odd,

∏
i≥0

(
F (irx2i)(r−2)/2 D(2irx4i)D(rix2i)R(2i+1)/r(rx2i+1)

)
r even.

Remark 5.9. When r = 2, absolute square roots are exactly the usual square roots. Thus
the generating function for (sB

n) can be obtained by setting r = 2 in either Theorem 5.2 or
Theorem 5.8.
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