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Abstract. We use non-symmetric Cauchy kernel identities to get the laws of last pas-
sage percolation (LPP) models in terms of Demazure characters. The construction is
based on the restrictions of the RSK correspondence to augmented stair (Young) shape
matrices and rephrased in a unified way compatible with crystal bases.
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1 Introduction

We introduce the Demazure measure on nonnegative vectors corresponding to the di-
rected last passage percolation (LPP) model on matrices of Young shape, that is, nonneg-
ative integer matrices whose positive entries fit a Young shape. A nonnegative integer
vector is always in the Weyl orbit of some partition and therefore all nonnegative vectors
in a same Weyl orbit share the size of a largest entry which is the length of a longest
row of the unique partition in its orbit. When the Young shape is a rectangle, we recover
the Okounkov’s Schur measure [4, Chapter 4], [17] on the unique partition of each Weyl
orbit, corresponding to the LPP model on nonnegative integer matrices. Our main con-
tribution is the use of Demazure characters, in general, non symmetric polynomials, to
study LPP problems: this has only been carried out for models with more symmetries
using symmetric polynomials, in particular, Schur polynomials or Weyl characters or
geometric analogues as incarnations of Whittaker functions ([0, 7, 16, 19] and references
therein). Crystal theory allows the compatibility of Robinson-Schensted-Knuth (RSK)
correspondence with non-symmetric Cauchy identities by Lascoux [ 7] and thus, in par-
ticular, the Cauchy identity (1.1). This interpretation was discovered by Choi-Kwon [¢]

* . O. A. was partially supported by the Centre for Mathematics of the University
of Coimbra - UIDB/00324 /2020, funded by the Portuguese Government through FCT/MCTES.

f . T. G. was partially supported by the Agence Nationale de la
Recherche funding ANR CORTIPOM 21-CE40-001.

t . C. L. was partially supported by the Agence Nationale de la
Recherche funding ANR CORTIPOM 21-CE40-001.


mailto:hello@world.c
thomas.gobet@lmpt.univ-tours.fr
cedric.lecouvey@lmpt.univ-tours.fr

2 Olga Azenhas, Thomas Gobet , and CAldric Lecouvey

for the non-symmetric case on stair cases (3.1). We complete the picture with the trun-
cated and augmented stair shape. This extended abstract is organized in four sections.
In §2 we gather relevant definitions on crystals, in §3 present our contributions, and in
§4 provide an example for our main result. We refer the reader to the full version [3],
accepted for publication, for details and proofs, containing the results hereby presented.

Given two sets of indeterminates x = {xy,..., Xy} and y = {y1,...,y,} the Cauchy
identity asserts that

ﬁH Y sis) 1)
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where Prin(m,q 18 the set of partitions with at most min(m, n) parts and, for each such
partition A, s)(x) and s, (y) are the Schur polynomials in the indeterminates x and y,
respectively. This identity has several interpretations, applications and generalizations
(see [7] and references therein). In particular, one can understand the left hand side as
the character of polynomial functions on the space M, of matrices with m rows, n
columns and entries in Z>( and decompose this space into a direct sum of gl,, x gl,
bimodules. The products of Schur functions s, (x) and s) () on the righthand side show
this approach as the characters of the tensor product of irreducibles finite dimensional
representations of highest weight A for the linear Lie algebras gl,,(C) and g[,(C). In
fact M, , is a realization of the the bicrystal of the symmetric space S(C” ® C") as a
(g1, gl,)-module (see [¢] and references therein). The identity (1.1) can also be proved
using the RSK correspondence [10, 15]. This is a one-to-one map ¢ between the set
My and the set | | cp SSYT(A,m) x SSYT(A,n) of pairs (P, Q) of semistandard

tableaux of the same sha}()é ))\, and entries in [m] := {1,...,m} and [n] := {1,...,n},
respectively. (The convention that we use agrees with that of Kashiwara [1”] to which
we refer for another description of the RSK procedure and the connection with biwords.
See §4 and [10] for variations on RSK.) Regarding SSYT(A, k) as the tableau realization
for the gly-crystal B(A, k) of highest weight A, then

Y: My, — Ll B(A,m) x B(A,n)

Aepmin(m,n)

A= y(A) = (P(A),Q(A)) (1.2)

is a (gl,,, gl,)-bicrystal isomorphism where the bicrystal structure on M,, , is afforded
from B(A,m) x B(A,n) by ¥~1, that is, by reverse column Schensted insertion. The
RSK correspondence has interesting properties. For each matrix A in M, ,, the greatest
integer p(A) obtained by summing up the entries in all the possible paths 7 starting at
position (1,7) and ending at position (m, 1) with steps «— or |

p(A):= max Y aj (1.3)

npathlnA(
i,j)emn
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coincides with the common largest row length of the tableaux P(A) and Q(A) in (1.2).
(We consider the paths which are compatible with the version of RSK that is used here.
See §4.) It is then natural to study percolation models based on the RSK correspondence
where random matrices whose entries follow independent geometric laws are consid-
ered [4]. This type of model, in the case of identical and independent geometric distri-
bution, has been deeply studied by Johansson in [11], who proved that the fluctuations
of the previous last passage percolation, once correctly normalized, are controlled by the
Tracy-Widom distribution (defined from the study of the largest eigenvalues of random
Hermitian matrices). The Schur measure, introduced by Okounkov based on the Cauchy
kernel identity, is an extension of the probability measure on the partitions correspond-
ing to the directed last passage percolation model with the independent and identical
geometric distribution of Johansson in [11], [4, Chapter 4]. Let u;, v; be real numbers in
[0,1), for1 <i <m,1<j<n. Considering an array VW = {Wij 1<i<m1<j<n}
of independent random variables, with values in Z >, called weights, geometrically dis-
tributed as

P(W;; =k) = (1— uivj)(uivj)k, for any k € Z>, (1.4)

with parameter ujvj, Wis a random matrix with values in M, ,. We then get

P(W = A) = ( [T @a- uﬂ’j)) (u0)?

1<i<m,1<j<n

St =/ =

is defined to be the random variable G := p o W. Applying the RSK correspondence, its
properties and the Cauchy identity (1.1), one obtains the law of the random variable G,
for any k € Z>, in terms of Schur polynomials,

P(G=k)= J] (1—uwv) ) sa(ut, ..., um)sr(v1,...,0n)

1<i,j<n /\Epmin(m,n) |)‘1 =k

where the sum is over partitions A with largest part k. Johansson [11] has established this
result in the special case of identical geometric distribution, u; = vi=4,4,1<1ij<mn,
for a fixed g €]0, 1], a special case of the Schur measure on partitions (see [+, Chapter 10]).
The RSK correspondence admits various generalizations and geometric versions which
can also be used to get interesting last passage percolation models involving symmetric
polynomials, in particular, characters of representations of Lie algebras other than g,
(symmetric with respect to the Weyl group) and geometric analogues [, 7, 16, 19].

2 Crystal and Demazure modules

The finite dimensional irreducible polynomial representations of gl, = gl,(C) are pa-
rameterized by the partitions A in P,. To each partition A € P, corresponds a finite
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dimensional representation V(A) (or gl,-module), and a crystal graph B(A) which can
be regarded as the combinatorial skeleton of the simple module V(A). The vertices of
B(A) label a distinguished basis of V(A). On the other hand, B(A) has various combina-
torial realizations (i.e., vertex labelings) in terms of semistandard tableaux, Littelmann’s
paths [14] or semiskylines [15]. The (abstract) crystal B(A) is a graph whose set of ver-
tices is endowed with a weight function wt : B(A) — Z" and with the structure of a
coloured and oriented graph given by the action of the crystal operators f; and é; with

i € I = [n—1]. One has an oriented arrow b — b’ between two vertices b and b’ in
B(A) if and only if b’ = f;(b) < b = &(b') in which case wt(b') = wt(b) — a;, with a;
a simple root of gl,,. The crystal B(A) is generated by the actions of the lowering (resp.
raising) operators f; (respect. ¢;) on the unique highest (resp. lowest) weight vertex b,
(resp. by,n) where one has wt(by) = A, and 0y is the longest element of the Weyl group
W here the symmetric group &, =< sy,...,5,_1 > (unless mentioned differently).

For A € P,, W, is the stabilizer of A under the action of W, and W* collects the
unique minimal length representative of each coset in W/W,. Let A € P, and ¢ € W.
Up to a scalar in C, there exists a unique vector v,, in V(A) of weight cA. Recall
the triangular decomposition gl, = gl;f @ bh @ gl,, of gl, into its upper, diagonal and
lower parts. The Demazure module associated to v,, is the U(gl,} )-module defined by
Ve(A) := U(gl}) - v,). Demazure introduced the character x,, of V;(A) and showed
that it can be computed by applying to x* a sequence of divided difference operators
D;, - -+ D;, given by any reduced decomposition of ¢ = s; ---s;, € W where /£ is the
length of 0. For i € I, D; is a certain linear operator on Z[xy,..., x| (see [2] and
references therein) satisfying the relations

D? =D, foranyi=1,...,n—1, D;Dj1D; = D;;1D;D;, foranyi=1,...,n—2,
D;D; = D;D; for any i,j = 1,...,n — 1 such that [i —j| > 1.

Thus, by Mastumoto’s Lemma, the operator D, = D;, - - - D;, only depends on ¢ and
not on the chosen reduced decomposition, and «,, = D,(x") € Z[xy,...,x,] is the
(Demazure) character of V,;(A). In particular, we have xj; , = x* and Koy, = SA-
Kashiwara [17] and Littelmann [14] defined a relevant notion of crystals for the De-
mazure modules. Recall O(A) = {0 -by = byy | ¢ € W/W,} the orbit of the highest
weight vertex b, of B(A). Its elements, uniquely determined by their weight, are called
the keys of B(A). (In this sense we may identify O(A) with WA.) Given 0,0’ € W/W,,
we write 0 < ¢ for the Bruhat order on the cosets in W/W, to mean that their unique
minimal (maximal) coset representatives satisfy the same relation in the strong Bruhat
order restricted to W*. We also write by, < b,, when ¢ < ¢’ in W/W,. From the
dilatation of crystals [17] each vertex b of B(A) carries a pair of keys K™ (b) > K~ (b),
right, respectively, left key of b, in O(A). For any o € W, consider the Demazure atom

Bo(A) = {b € B(A) | K*(b) = bya}, where Byy(A) = {b,}. @1)
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For any o € W, the opposite Demazure module, is defined to be V7 (A) := U,(gl,, ) - vy, for
which we define the opposite Demazure atom

B7(A) = {b € B(A) | K~ (b) = by}, where BY(A) = {byr}- (2.2)

By definition we have B,(A) = By(A) and B’ (A) = FOI(/\) whenever ¢ and ¢’ belong
to the same left coset of W/W,. We then get B(A) = || By(A) = | B'(A). The

ceWA cew?
Demazure crystal By(A) and its opposite Demazure crystal B”(A) are then defined by
Br(A) = L By(A) ={b€B(A) | K"(b) <bo}, Bu(A) ={br}  (23)
o' EWA, ' W, <oW,
B7(A) = L B (A) ={b € B(A) | K (b) >byp}, BO(A) = {bgyn}. (24)

o' WA, oW, <o’ W,
In particular, we have B, (A) = B(A) = B (A). We then note that for a given A € P,
Ll B7(A) x Bo(A) = {(b,b') € B(A) x B(A) : K—(b) > K*(b')} ~ B(2A). (2.5)

ceEWA
We refer to [¢], for the translation of (2.5) to the crystal of Lakshmibai-Seshadri paths.
The Demazure crystals respectively atoms and their opposite, are connected via the
Lusztig-Schiitzenberger involution ¢ on the crystal B(A), a realization of the action of the
longest element of W on finite irreducible representations. The map  is a set involution
on B(A) reversing the arrows, flipping the labels i and n — i, and reversing the weight.

We then have K~ (b) = 0p.K*(1(b)) and we get
B7(A) = (Byyo(A)), or equivalently B9 (A) = 1By (A), B (A) = t(Boyo(A)).  (2.6)

Demazure (resp. opposite) crystals can also be generated by the actions of the lowering
(resp. raising) operators given by the reduced words in WA (resp. cyW"0p) on the
highest (resp. lowest) vertex of B(A). The Demazure character x, ,(x) of the Demazure
module VY(A) satisfies x,1(x) = Ypep, (1) x@(1), and the opposite Demazure character
k9 (x) for the opposite Demazure module V7 (A) satisfies «{(x) = Yycpr(n) x@b), Using
the involution ¢ and (2.6), we have x{(x1,...,Xy) = Kgor(Xn,...,x1) and €5 (x1,..., %)
= Kopor(Xn, ..., X1) = Yoe () xt(b)
crystals and the Demazure characters of B(A) directly by the elements in the orbit of A,
WA. Given p € WA where y = cA and ¢ € W2, we write By, B¥ = By, instead of
By (A), B?(A) respectively, and «;, K = Koy, K, K = gy instead of x, 1, k5 and &y 5, €
respectively. The operators D; act on Demazure characters x;, and Demazure atoms &,
as follows

. Alternatively we may also label the Demazure

: Ko + % A pi > pia
Keq if pi > i _ _ _

K if u; < wyjiq,
H Hi = Hir1 0, else.
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For i € [n— 1], we define below A; and A; as operators on Demazure respectively
Demazure atom crystals to mimic the action of the operator D; on Demazure respec-
tively on Demazure atom charaters (2.7), and we then always have char(A;(By,)) =
Dj(xy), and char(Aj(B,)) = Di(%y),

. A(E ) = B,| |Bs. if Ui > Uit
gy B> yom ) B g
AilBy) = { B, otherwise, Ai(Byu) = élgfz) ;5# if pi = pia (2.8)
i i+1-

3 Non-symmetric Cauchy kernels, RSK on Young shapes
and LPP

We now consider last passage percolation models based on the non-symmetric Cauchy
kernel (3.1) as studied by Lascoux in [17] and its extensions to augmented stair shapes.
Demazure crystals with their opposite Demazure atoms, and certain parabolic subcrys-
tals will describe the image of RSK, as a bicrystal isomorphism, restricted to stair shape,
truncated stair shape and to augmented stair shape matrices. We detach the truncated
case from the general Young shape due to its more explicit as well interesting structure.

3.1 LPP, staircase and Demazure measure

The ordinary Cauchy identity (1.1) is then replaced by its non-symmetric analogue

I1

1<j<i<n

1 J—
1-— xl-yj

Y, ®(x)ru(y) (3.1)

HEZL,

where ¥ (x) and x,(y) are this time (opposite) Demazure atoms and Demazure charac-
ters in the indeterminates x and y (with m = n). These polynomials are not symmetric
in x and y. They correspond to characters of representations for subalgebras of the en-
veloping algebra U(gl,). It was proved in [17] that the identity (3.1) can be obtained
by restricting the RSK correspondence i to the set of lower triangular matrices. (The
convention of our paper differs from that in [13] which considers matrices with nonzero
entries in positions (i,j) with 1 < i+ j < n + 1 rather than lower-triangular matrices.)
Since then, other proofs have been proposed using combinatorial objects which explic-
itly carry the pairs of right and left keys [10]. More precisely, [|, Theorem 3, Corollary
2] uses the combinatorics of Mason’s semiskyline augmented fillings [15], and [¢] uses
the combinatorics of crystal bases, in particular, the combinatorial model of Lakshmibai-
Seshadri paths [14]. Recently Assaf-Schilling provided an explicit tableau crystal for
MasonaAZs semiskyline augmented fillings [15], replacing the former objects by equiv-
alent ones, termed semistandard key tableaux (see [*] and references therein). Here we
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stand in the tableau model for gl,, crystals where one has the effective Lascoux’s jeu de
taquin procedure [10] to compute the right key K*(T) and left key K~ (T) of a tableau
T.

Let D be any subset of 1] x [m] and write ML  for the subset of M, , containing the
matrices A such that a;j # 0 only if (i,j) € D. For D in general, the set M5 | is not stable
for the gl,, x gl,-crystals operators. Nevertheless, when D corresponds to the Young
diagram of a fixed partition A, see (3.7), D = D, is stable under the action of the crystal
raising operators. When m = n and ¢ = (n,n -1,..., 1), we get in matrix coordinates
Do = {(i,j) | 1 £j <i < n}. Then the bijection ¢ (1.2) restricts to a bijection from the set

./\/l%n of n x n lower triangular matrices to the set of pairs (P, Q) of semistandard Young
tableaux of the same shape on the alphabet [n] such that K~ (P) > K*(Q) (entrywise
comparison). (See also [!, Corollary 2] for the Knuth version of RSK.) This means that
the image of this restriction, for a fixed A € Py, is || B (A) x By(A) (2.5). Thus the

restriction of RSK correspondence ¢ to D, gives e
P Mt — L U B7(A) x Bo(A) (3.2)
AEPhoeWh
A= 9(A) = (P(A),Q(A)) : KT(Q(A)) < K™(P(A)), (3.3)

where B, (1) is a Demazure crystal (2.3) and B’ (A) its opposite Demazure atom (2.2).
This time, we only consider independent random variables Wi,j when 1 <j <i <nwith
geometric distributions as in (1.4). This defines a lower triangular random square matrix
L with nonnegative integer entries. In this model we consider paths from position (1, #)
to position (1,1) where only the entries in the lower part of A contribute to the length
of the paths. We define the random variable L = p o £ and determine its law. Since
(3.2) gives a bijective correspondence obtained as the restriction of the RSK map ¢ (1.2)
to lower triangular matrices, the value of L still corresponds to the length of the largest
part of the partitions on the right hand side of (3.3).

Theorem 1. For any k € Z>(, we have the law

P(L=k)= J] (1—uw) Y. wh(uy, ... un) ey (01, ..., 0n). (3.4)

1<j<i<n HEZY j|max(p)=k

This law was also obtained by Baik-Rains [5, 6, Section 4] when u; = v;. In this
case, (2.5), and (3.1) with x; = y;, together give a refinement of a Littlewood identity:
[Th<j<i<n(l— xixj) = Ypezn, © (x)Kku(x) = Lpep, S2a(x). In [0] it is called a law in the
point-to-line last passage percolation in zero temperature limit. However this formula is
not produced in [6] by the geometric RSK but rather one in terms of a symplectic Cauchy
like identity.
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3.2 Main results: LPP on Young shapes and Demazure measure

Lascoux [13] also established generalizations of the formula (3.1) where positions with
nonzero entries are allowed in the matrices outside their lower triangular part. These
augmented staircase formulas below (*) were then obtained just by computations on
polynomials and thus not related to the RSK correspondence. This connection was par-
tially done in [7] where certain truncated staircases formulas are proved to be compat-
ible with the RSK correspondence using the combinatorics of semiskyline augmented
fillings [15]. More precisely, this applies to the case where nonzero entries are autho-
rized only in positions (i,j) with n —p < i < j < g, for p and g two nonnegative
integers such that n > g > p > 1. We consider the Young diagram D,, = {(i,]) |
n—p+1<i<nl<j<qlnD, defined by using the matrix coordinates (i, ).
It is the intersection of D, with a quarter of plane defined by the lines i = p and
j = g (in Cartesian coordinates). When n —p+1 < g, we get the Young diagram
Dy = Dapq) With A(p,q) = (" 7,g—1,...,n = p+1),and Dy = Dpy ) = Do
Below one illustrates the truncated Young shape D, 4, in green, fitting the p by q rect-
angle so that the staircase D, of size n, in red, is the smallest one containing Dy, ). If
P <4, D(yp-1,.,) is the biggest staircase inside D
"

pa
pAa)°

n

p

i

q

We write B,(A) for the subcrystal of the gl,-crystal B(A,0"~F) with A € P, obtained
by keeping only the vertices connected to its highest weight vertex by i-arrows with
i€ [p—1]. Given u € &), Byu(A),Bj(A), Bpu(A) and B,,(A) denote the Demazure, its
opposite, respectively, atom and its opposite crystals associated to u in the gl,-crystal

By(A). See Example 4 and (4.1), (4.2). The restriction of the map ¢ from /\/l,?, > (3.3) to
MD Alpa) o3
nn " gives

D - —
Y(Mua") = |1 U BY(A)NBP(A) x Bo(A) N By(A) = || B"NBF(A) x B, N By(A).
AEPoeWA yGZgO
By the Borel-Weil theorem, Demazure crystals and Schubert varieties are in natural cor-
respondence. Let ¢ € &, and a(gq] be the longest element of G,. From the Billey-
Fan-Losonczy parabolic map (see [3, Algorithm 3.1, Proposition 3.4] and references
therein) the set {v € &, | v < ¢} has a unique maximal element ¢'7 for the Bruhat
order < in W. For ¢ € W, the intersections S i NSe = 5,1, and Bs(A) N By(A) =
0
Bs(A)N B iy (A) =B g, (A) translate into each other, where S, is a Schubert variety of
0 7

the flag variety G/B with B a Borel subgroup of the reductive group G with Weyl group
W [10, Chapter III]. However B’ (A) N B?(A) = @ unless ¢ € (7062, A € Py and then
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B°(A)NBP(A) = 1Bp,ope(A) [2]. In this case By(A) N Bg(A) = B, (A). The restriction of

D .
the RSK correspondence ¢ to M,, »" ") then gives a one-to-one correspondence

P M%w) — U «Bpy) x By, and (3.5)
HEZZy
1 [—
11 1—xy; Yo Ry X X pi )61 (Y1, - Yg), (3.6)
)
)

(i))EDA(p,q (yl,...,yp)ezgo

where for each u € Z", the vector ji = (0p7)"(A,0777,0"71) with T € G;‘ is such that
u = TA. It can also be explicitly computed by a simple algorithm in [!, 5, Theorem
3.20] (see also examples in [3, Section 3.1]). One can then similarly use (3.5) to study the
percolation model on random matrices 7,,; with nonnegative random integer coefficients
having zero entries in each position (i,j) such that i < n — p and j > q. Each random
variable W; ; withi > n — p+ 1 and j < g follows a geometric distribution of parameter
u;v;. Using the same arguments as before, we obtain the law of the random variable
Tpq=poTpa

Theorem 2. For any nonnegative integer k, we have for v = (vy,...,vy)

]P(Tp,q = k) = H (1 — uivj) Z K(}lp/---,}ll) (un, ey un,erl)Kﬁ(’U).
(i/j)EDA(p,q) (yl,...,yp)ezgo\max(y):k

In [13] Lascoux gave other non-symmetric Cauchy type identities for any partition
A € Py. One considers the largest staircase pp = (m,m —1,...,1) contained in the
Young diagram of A. Then one chooses a box at position (iy, jp), in Cartesian coordinates,
in the augmented staircase (m + 1,m,...,1) which is not in A. The diagonal Lij:j—
i = jo — ip, in Cartesian coordinates, cuts A in a northwest part and a southeast part
corresponding to the boxes above and below L;;, respectively. Now fill the boxes (i, ),
in the n X n matrix convention, of the NW part of A by n —i (i.e., by the n X n matrix
reverse row index (equivalently counting rows from bottom to top) minus one), and the
boxes (i,j) of the SE part by j — 1 (i.e.,, by the index of the column minus one). Let
0(A,NW) = s; ---s;, be the element of W where the word i; - - - i, is obtained from
right to left column reading of the NW part of A, each column being read from top to
bottom. Similarly, let ¢(A,SE) = sj, - - - s, be the element of W where the word j; - - - jy,
is obtained from top to bottom row reading of the SE part of A, each row being read
from right to left. For instance, let n = 8 and A = (7,4,2,2,2). Take (ip, jo) = (3,3) (the
box with A). Hence m =4, pp = (4,3,2,1), and 0(A, NW) = 545354, (A, SE) = 53545554,

(3.7)
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The following identity is established in [1 5] and reproved for near stair shapes in [7],

1 —
(*) ('I)—[A 1_— XiY; = ( Z) y DU(A,NW)K(ym,...,yl)(xn/ s Ixn—m+l)DU(A,SE)K(yl,...,ym)(y)l
ij)e ! H1yeesfhm ) EZM

where Yy = (yl, .. .,ym), and DU(A,NW) = Di1 cee Dia, DU(A,SE) = [)/1 cee l)]'[7 are composi—
tions of Demazure operators (2.7).

Theorem 3. The restriction of the RSK correspondence 1 to M%n‘ gives the one-to-one corre-
spondence

D
P Min — L]
(Vl,---/llm

where Ay(p sp) = Ajy -+ - Aj, and Agn nwy = Dy - Ay, (2.8). (As usual @ x U = @.)

ez L (AU(A,NW) (F(#m,...,‘ul))> X AU’(A,SE) (B(,ul/-w]/lm)) (3.8)
>0

Now, for a fixed partition A in P,, we consider random matrices A, with nonneg-
ative random integer coefficients having zero entries in each position (i,j) such that
(i,j) € A. Here again each random variable W;; for (i,j) € A follows a geometric dis-
tribution of parameter u;v;. Define the random variable Ay = p o Ax. Then, by (*) and
(3.8), we get the law of Ax.

Theorem 4. For any nonnegative integer k,
IP(AA = k) = 1—[ (1 — u,'Z)]').
(i,j)eDa

2 DU(A’NW)K(”’"""WH) (l/ln, te M”l_WH‘l)DU(A,SE)K(ﬂl,...,Vm) (Ul, ceey Um)'
(U1, tim ) EZM | max(p)=k

4 An example for RSK on augmented stair shapes

Let us resume to the setting of (3.7) withn = 8, A = (7,4,2,2,2), and (A, NW) = 545354,
(A, SE) = s3565554. Let i be the RSK  restricted to Mgé‘. Then (3.8) gives for m = 4

D o
P Mg L (A4A3A4(B(u4,---,u1))) X B3heAsAy (B(m,--~,u4)>
(V1,~~/P‘4)€Z420

A= p(A) = (P,Q).

00000000

00000000

00000000 b
Let 4=| 91000000 1emgp encoded as a tensor product of row tableaux 577 ® 45 ® 7 ®

00000000

20110000

00001020 ' - _
7®8®©®88®® on the alphabet [8] where g4, is the number of letters i in the tensor j-

th component. One then applies the column insertion procedure from left to right. This
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means that we begin by reading the first column (of A) 775 and compute the column
insertions 5 — 7 — 7 to get 577 then read the second column 54 and compute the column
insertion 4 — 5 — 577 to get 45577, then 7 — 45577 to get 7 . - ., ,, and eventually get
the tableau P below. The "recording tableau" Q is obtained by filling with letters j the

new boxes appearing during the insertion of column j of A,

8[8 B 8[8 3 >

P = [7]7]8 K= (P) = [7]7]8 = K(0°,5,0%,2,3) 4.1)
4[5]5[7]7] 414[4[4]4]
5[7 7[7 ’

Q= [3]4]7 KT (Q) = [4[4]7 = K(0,5,0,2,0%,3,0). (4.2)
1[1]1]2]2] 2[2]2]2]2]

We show that there exists y = (j1, o, iz, a) € Z%, such that y(A) = (P,Q) €
L(A4A3A4§(W/O4)) X D3A6A584B , 01y, where 0y € G4 and ¢ is the Schiitzenberger (evacu-
ation) involution. From (2.8) one has l(A4A3A4§(# . 1,04)) =

(B B 5] .
lé(}‘4/2431112,0,04) L lB(y4,y3,0,}42,04) L LB(V4/V3/02rV2/03)’ if Uy > Y1 = 0 (**)
lB(V4/ﬂ3/0/OrO4)’ if ;’ll - ,1’12 - 0

) B i g0 U B (1 00,0,00,0%) LB (1 1, 0,100, 100,08) 1 1 = 2 > 0
@, if H1 > U2 >0

lB(&l/"'/Vl/OAl) I_I tB(V4/V3/V1/V2/O4) |—| LB(V4/V3/]’12/O/V1/03) I_l lB(]’l4/]’l3/0/V2/]’l1/03) |_| lB(V4/#3/O/V1/V2/03)
\l—l lB(m,Pls,Pll,O,ﬂz,OB)’ if Ho > 1 > 0.

—(03 502 —
Then, by (2.2), K~ (P) = K(0%,5,02,2,3) < P € B" ™" — B, 0.0, and we
are in case (*x), where yp =5 > py = 0, u3 = 2, g = 3. Hence, p = (0,5,2,3)
and l(A4A3A4B(3[2,5,O,04)) = lB(3,2,5,0,04) |_| LB(3,2,O,5,O4) |_| lB(3’2,02,5,03). Therefore, by the LHS
of (28), A3A6A5A4B(y,04) = B(O,5,O,2,O,O,3,0)‘ Indeed K+(Q) S K(0,5,0,2,02,3,0) and
+(0%,5,0%,2,3

fr(')m. (24& Q € B(0151012’02,3,0). Hence, (P, Q) € B( ) X B(0’5’0’2'02,3,0) and 1P(A) €
l(A4A3A4B(3/2/5/0/04)) X A3A6A5A4B(0,5,2,3,04)-
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